-__-ED 144 810
= AUTHOR™
' TITLE

3

‘INSTITUTION

SPONS“AGENCY
- '‘REPORT . NO

PUB DATE
“GRANT

‘NOTE

EDRS PRICE
DESCRIPTORS

. - IDENTIPIERS
" ABSTRACT -

Lo
3

‘the group teache
‘information on. each second grader, tehavior and achievement
characteristics, and analyses of the evaluation interviews are
presented. (MS)

. DOCUMENT EBSUME

o

o . . SE 023 069

Behr, Merlyn J., Ed.

Teaching Experiment: The Effiect of Manipulatives in
Second Graders' Learning of {Mathematics, Volume II,
Case Studies. PMDC Technical Report No. 12.

‘Plorida State Oniv., Tallahassee., Project for the

Mathematical Development of Children.,
National Science Poundation, Washington, D.C.
PMDC~-TR=-12

76 :

NSP-PES=-74-18106-2-03

146p.; Por related documents, see SE 023 057-058, SE
023 060-066, SBE 023 068-072

MF-$0.83 HC-$7.35 Plus Postage.

*Activity Learning; *Case Studies; Educational
Research; *Elementary School Mathematics; Grade 2;
Instruction; Learning; *Manipulative Materials;
xMathematical Concepts; ‘Primary Education

*project for Mathematical Develcpment of Children

o~
Ay

This document contains 15 case studies developed by
rs during a teaching experiment. Background

****************************‘g{**#******t**************'t*****************
; Documents acquired by ERIC include many informal unpublished
materials not available from other sources. ERIC makes every effort
to obtain the best copy available. Nevertheless, items of marginal
reproducibility are often encountered and this affects the quality
of the microfiche and hardcopy reproiuctions ERIC makes available
via the ERIC Document Reproduction Service (EDRS). EDRS is not

responsible for the guality of the original docusent. Reproductions

supplied by EDRS are the best that can be made from the original..
e o ol Ao K oK A K K KK K o A K e o K oK KR K KK K KR A K K K X ok R ok K

. . ;,J

*
«
*
«
X
«
«
L 3
«

B N MO NN XN




ED144810

US DEPARTMENT OF HEALTH,
EDUCATION 8 WELFARE
NATIONAL INSTITUTE OF'

EDUCATION

PMDC Technical Report ° s OOCUMENT A BEEN REPRO:

_ OUGEO EXACTLY AS RECEIVED FROM
- THE PERSON OR ORGANIZATION ORIGIN.

NO. 12 . ATING IT POINTS OF VIEW OR OPINIONS
STATED OO NOT NECESSARILY REPRE-

SENT OFFICIAL NATIONAL INSTITUTE OF
EOUCATION POSITION OR POLICY

Teaching Experiment:
The BEffect of Manipulé;-tives
~in Se_eon‘d Graders’ Learning
of Mathema,_tiés |
Volume eII,‘Cas'e Studies

Edited by MerlynJ Behr ‘PERMISSION TO REPRODUCE THIS

MAFERIAL HAS BEEN GRANTED BY

Robert M. Johnseon

TO THE EDUCATIONAL RESOURCES
INFORMATION CENTER (ERIC) AND
USERS OF THE ERIC SYSTEM v




: . ' N < w
. v
N5y )
. .
- ;
2 : - p “
~ e - -z
<.
¢
! 1976
Portions of this publication may be
- reproduced without securing permission
from the Project for the Mathematical
Development cf Children (PMDC).
| Financial support for the Project . N
' for the Mathematical Development of
Children has been provided by the
* National Science Foundation:
. Grant No. PES~74-18106-A03. -
l:lk\l‘ic . 15
| e




- . -

TABLE OF CONTENTS

B

T .

FOYEWOLTE = « o o o o o o o o o o o o o™ o o o o o o o o o o o v

o

- ) Preface .« « o o o o o o o o o s e e e e s s s e e e e e vii

L3

I. TEACHING GROUP Ul: COUNTING STICKS .5 v v o% v o o v o« o1 -

The Case of B .‘. e e e e e e e e e e e e e e e e e et 1 '7:
Ell;ﬂBarco

\ i : . R R &
3 : The Case OF C v v v o o o o o o o o o o e e e e e s 8
X 'Ella Barco o 5,
s \\ R ) : - 4
3 The €ase Of D v « + « o o ¢ ¢ s o e v o v vie e e e 17

| Ella Barco S . .
I¥. TEACHLING GROUP U2: DIENES BLOCKS .\1 O 29

\ The Case of F . . . v « « & D e B e e e e e e e e e e 29
- - Stewart Wood . . B

; » / The Case OFf Giv « o o« o o o o o o o o o o o o o g o o o o o 38
A ‘ § Stewart Wood

“a . \ The Case of H .A. O 46
Stewart Wood

TIL. TEACHING GROUP U3: ABACUS . . o ¢ « o ¢ o o o o o o o o o o o 52

jEEhe Case - 0Of J v ¢ o 'c o o o o o o o o o o e e e e e e e e 52
Judy Voran :

\ The Case Of K v v o o o« o o o o o o o o o o o o o o o o o 59
\* Judy Voran i -
- X The Case Of L« v ¢ ¢ o« o o o o o o o o o o o o o o o o o 67

3

\ Judy Voran

\
IV. TEACHING GROUP M: COUNTING STICKS, DIENES BLOCKS,
AND BABACUS &+ v v o o o o o o o o o o o o o s o o o o o o 76

épe Case OFf IV o v o o o o o o o o o o o o s s e e e e s e 76
\ Patricia Campbell
1

K _ The Case OF B v v « v o o o o o v v oo oo oo ee e B4
: \Patricia Campbell

The%Case OF R v v o o o o o o o o o o o o o s o s o o o o« 94

Patricia Campbell
!

iii




& . - .

QOUNTING STICKS, UNIFIX CUBES, DIENES ¢ ° .
".# - BLOCKS; GRAPH PAPER, ABACUS, AND COLORED CHIPS . . . . . . 104 .. .

¥ oo -
i . -

= - .

V... “TEACHING GROUF 2M:

‘The Caseof S . . ... ... ce e e e e e e v s e s . .y 104

# " cynthia Clarke _ -
. et : ——— el
‘ The Casetof T=. . . ., . . v o o0 o v v oL .. 113
s Cynthia Clarke ™ . :
s P :
The Case of V.. . . . . . ¢ ¢ & v o e v v v v v e v v e v . 126 X -
- . Cynthia Clarke : . V . -
. \ . :
- - "?
. . ?;
, ;
*
e e B \ Vi ’\ i - - - z
* "
= ,‘
- »
R -
.'
<
- s .
"_1 ~
2
Ry
P

iv . .
-




4oy

* e
% I

FOREWORD - :

Ed Beyle recently remarked that curricular- efforts during the 1960's
taught us a great deal about how to teach better, mathematlcs, but very. -
little about how to teach mathematics better. The mathemat1c1an Wlll,A
guite likely, agree with both.parts of this statement. The layman, the
parent, and the elementary school teacher, however, question, the thesis~ -
“ ‘that the "new math" was really better than the "old math." At best, the
: fruits of the mathematics curchulum "revolution" were not sweet. Many

I o judge them to bg, bitter. : ‘ .
C 4 .- - -
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While some viewed the curricular changes of the 1960 s to be "revolu-
tionary," others disagreed. Thomas C. O'Brien of Southern Illln01s Univer-

EN

* sity at Edwardsville recently wrote, "We have not made any fundamental.
: change in schocl mathemat1cs."¥ He cites Allendoerfer who suggested that a
o ) curriculum which heeds the ways in;which young children learn mathematlcs
>/ - is needed. Such a curriculum would be based on the understandlng of chil-"

. dren' s “thinking and learning. It is one thing, howchr, to recognlze that
a conceptual model for mathematics curriculum is sound and necessary and to,
ask ‘that th& child's thinking and iearning processes be heeded; it 1s qultea
another to translate tliese idees' into a curriculum which can be used effec- .
t1vely by the ordinary elementary school teacher working in the ord1nary E
" - N elementary school classroom. ’ -
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Moreover. to propose that chlldren s th1nk1ng processes 'ghould se:ve .
S as a basis for curriculum development is to presuppose that curriculum
) makers agree on what these processes are. Such is not the case, but even if
it were} curriculum makers do not agree on  the implications which the under—
- standlng of these thinking processes would have for curriculum development.

In the real world of today's elementary school cldssroom, where not
much hope for drastlc changes for the better can be .fqreseen, it appears
that in order to buiTd a realistic, yet sound basis for the mathenatlcs s 5
currlculum, chilldren's .mathematical thinking must be studied, 1ntenslvely -
in thelr usual schooi habitat. Given an opportunlty to tthk freely, Chll*
) dren. clearly display certa1n patterns of thought as they deal with ordlnarj
B mathematical situatiéns encountered dally in their classroom. A videotaped
- record of the outward manifestations of a child's thlnkxng, un1nfluenced by

any teachlng on the part of the interviewer, provides a._ r1ch source for con-~

jectures as to .what this thinking is, what mental structures the chlld has

developed, and how the child.uses these structures when dealing with the or-
. dlnary concepts of arithretic. In addition,.an intensive analy51s of this

videotape generates some conjectures as to the possible sources of what adults
R .view as children's "misconceptions" and about how the school environment (the
' - . teacher and the materials) "fights" the chlld s natural thought processes.

»

T .
Py
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The Project ~for the Mathematical Development of Children (PMDC)2 set out

fl"Why Teach Mathematics?" The‘Elementary School Journal 73 (Feb. 1973), 258-268.

2pMpC is supported by the National S“lence Foundation, Grant No.
PES 74- 18106-AC3.
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. to create ‘a more exteq51ve and rellable basis on which to build wathematlcs
- curriculum. Accordlngly, the empha51s in the first phase is to try to under-
b stand the children's intellectual pursuits, specifically their attempts to

# . acquire’ some basic mathematical skills and concepts.

-

-~

. The@PMbC, in its initial phase, works with children in grades 1 and 2:

Ehese qrades seem to comprise the crucial years for the development of bases

_— for the futdre learning of mathematlcs, since key mathematlﬁal concepts. begin
': to” form at-these grade levels. The children's mathematlcal development is

- stg@ieﬁ by means of: .

— -
— had )

l. One-to-one videotaped 1nterv1ews subsequently analyzed by various
o8 1ndlv1duals.

«

o

- 2. Teaching experiments in which specific variables are observed in a
group teaching setting with five to fourteen children. : “ -

“ W

P

2“ ) 3. Intensive observations of children in their regular classroom Eetting.

hd -

L 4.

- variable or medlum on communlcatlng ma-hematlcs to young children.

e
- @

5. Formal testing, both groﬁp and one~to-one, designed to provide fdrther
. insights into young children's mathematical knowledge.
Tre PMDC staff and the Advisory Board wish to report the Project's. actlv—
ities and flndlngs to all who are interested in mathematical education. One
means for accomplishing uhlS is the PMDC publication program.

Many individuvals contributed to the activities of PMPC. Its Advisory
Board members are: Edward Begle, Edgar Edwards, Walter Dick, Renee Henry,
John LeBlanc, Gerald Rising, Charles Smock, Stephen Willoughby, and Lauren
Woodly. The principal investigators are: Merlyn Behr, Tom Denmark, Stanley
' Erlwanger, Janice Flake, Larry Hatfield, William McKillip, Eugene D. Nichols,
Leonard Pikaart, Leslie steffe, and the Evaluator, Ray Carry. A special
recognition for this publication is given to the PMDC Publications Committee,
consisting of Merlyn Behr (Chairman), Thomas Cooney, and Tom Denmark.

o . .

. Eugene D. Nichols
- Director of PMDC

»ay
Q

ERIC

Aruitoxt provided by Eic:

Studles designed to 1nvestlgate intensively the effect of a partlcular -

@

Moo
Ea

- R 'ﬁ

-

=

4

b

[

e

e




R PREFACE e
The statement "Use manlpulatlves to teach mathematics" has been

. repeated so .often and in so many different contexts that there is danger

7 that the statement will begin to be accepted to the point where the use-

. of manipulatives in teaching mathematics appears to be a panacea. Thére

- N are, of courge, no panaceas in the teaching of mathematics; yet, it is

AT h_ apparent that there are more questions that need to be answered about
the why and how of using manipulatives to facilitate the learning of ?
- . #mathematics than most writers recognize.

‘Whlle it may seem intuitively obvious that u51ng manipulative aids
to build a concrete cohceptuai base will in the final analysis help
children to associate concepts and ‘the symbolization of concepts in a
.o meaningful way, it seems apparent that the "gap" between children's

) ablllty to perceive mathematics through manipulatives and their—ability
- to associate symbollsm with the concept is greéat. The question of how

ﬂfﬂ—e*m-thls gap is narrowed and rlnally closed in a problem that has had very

- . llttle investigation.
S ) A

. -
N When children first start school, they come with certain intuitive
. " notions about matuematlcs. Whether or not these intuitive notlons are
iy tapped and buiit upon by instruction ir our schools is an open question.
. " This jis true because we know very little-.about what these intuitive L
Dol notions of mathematics are. Children have various finger manlpulatlon =
. R strategles for doing addition, for example. Teaching practices

) frequently discourage children from using these strategies, and indeed,
L seldom are these strateglee extended and a relationship between children's
D e intuitive strategies and school strategies developed. ~ \
RS - . -

g
-

: o “This puhlig@tion‘is=intended’to share with the reader the information-

L -obtained from a teaching experiment which dealt with the question, "What ?

AR are some important variables.which affect how well children learn from -
manipulative aids:" Information about the relative effectiveness of Dienes
blocks, counting sticks, and an abacus for the teachlng of place value

) concepts tSé second grade children was znVestlgated. Also of interest~ ln -
- _the experiment was the question of whether systematic use of all three of

e the manipulatives would _prove to be more effective for learning these

i " concepts than just one manipulative.

. : s

<<<<<<<

Ky ) .
. - The -approach used in this study was ‘that of a teaching experiment.
L The concept of a teachlng experiment employed was that of gaining practical
A ) and anecdotal data in a teachlng-learnlng 51tuat10n. The teaching involved-
foe e - a teacher worklng ‘with a small- group .of chlldren, rather than a normal-
;b - sized class. Because of the small groups, statlstlcs presented in this
¢ h N study's statistical data must be interpreted with caution. Of more in-

S terest are-the questlons and hypotheses which are suggested by the
1nvestlgatlon. : -

- . The resecarch reported in Volumes I and II was an attempt to gain some
insights about the question of what %ge significant variables related to

i . vii
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how to use manipulatives in teaching mathematics to children. Thé reaaer
will- soon.observe that the research method employed was dlfferent from that
oﬁ traditional education research. Very small groups of chlldren were
1nvolved in what was considered a teaching experiment. Thls concept of a
teachlng experiment represents'a first (or second) step in a research '
effort. The\research reported herein is not hypothesis testlng of the

familiar research tradition. Instead, it is hypothesis generating--more
of an attempt is made at clarifying problems for further 1nvest1gatlon -
than’.at ansWerlng pre-stated questions. "

3
o The,reader of the volumes will find data presented in various forms;
a- great/aeal more "raw data" is presented than is ordinarily done in a
research ‘report. This raw data is presented in such diverse forms as raw
scores ‘on testg, both written and clinical interview tests, summaries of
child responses extracted from daily logs kept by teachers of the small
‘Groups, an@, firally, a number of case studies of children 1nvolved in the

experiment. X -
. ' . a
>, Volume I contains sections which descrlbe the rationale and conduct
of the experiment in detail. 1In addition, Volume I includes 1nformatlon
about the results of the investigation. Volume II consists entirely of 2

the fifteen case studies conducted by the group teachers. As background
for. Voluxe II, the reader should refer to Chapters I and III of Volume I. L
> © VaeT,

- ’

Many individuals contributed to the conceptuallzatlon of this studyﬁk
The contribution made by the PMDC Adv1sory Board, Staff, and Evaluator, who
reacted to the initial proposal is gratefully acknowledged. special thanks .
are due Cynthia Clarke, Patridia Campbell, Stewart Wood, Judy Voran; and N
Ella Barco, who served as group teachers :in the teachlng experiment, and?®
Max Gerllng, who supervised the videotaping of lessons and interviews.
Thanks are also due the project administrative assistant, Janelle Hardy,
publications editor, Maria Pitner, and typists, Mary Harrington, Julie
Rhodes, and Joe~Schnerler.

~

MERLYN BEHR

Principal Investigator

-~

Professor Rehr is on leave of absence from Northern Illinois University.
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=~ 1. THE CASE OF B ' :

. by

EfLa Bareo &
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S ? S B is a male chlld,,born September 15,‘1968 He llVeS w1th hls parents and P
L . 0 a'six. vear old brother. B's father is a student, and his mother is a practlcal

" : anurSe. B's famlly moved to this city recently, and B enteredrthé second gradez;n

et the schoo1 at whlch the experlment was Condhcted . . 4, - @
- ¢ "\‘ -, *=>\ 5 b 4 ) Z . N

A : : &

b B 1s EY very outd or orlented Chlld who loves horses, camplng, and mot n Y

cycles. He seems “to be a relatlvely happy boy; however, he does not like .o

- schoolq B could nevér follow a task through to completion and did not nossess: .

\1ndepenaent Work skllls. His w11tten work was very sloppy " He 4did not like . -
L, dlSc1p11ne. . . . b e e .
R p Va0

. o
DM T .’.-.

p B was a good soeller and"bragged contlnuously about pla01ng“fourth in a re-
§ f cent spelllng bee. B worried about competltlon and spent a great deal of t1me o L F

Ot AN

)

o Y
W, €N AP

P

ooy
R, g

I

A

A ~ of 4}‘15 own tasks.

o «
A “4

<n
s

: e B's entéring Second grade Otis-Lennon IQ was 97. On the Comprehensive Test
. . of Basic Skills administered at grade 2.6, B had grade equivalent scores of 2.6,
‘. T2 8 and 2.7 on readlng, language, and mathematlcs, respectively. B was also a
D :know it all" child who was not well liked by fellow classmates. : He had a su-

’ .  beriority complex_andcmanlfested racial prejudlces on a number of occasions.

e - B had an entering KeyMath grade eguivalent of 2.2. His counting skills

Y ) were above average as he could identify missing numbers in.a written seguence

% ol 6 7 4 9; 19; 98, 99, __, 10l1) and could compare the numerousness

E of dlfferlng sets, "B could not recognize counting by three's. He could add
one- and two-digit numerals without regrouping and experienced success on one
addltlon,problem with regrouping (66 + 4). B could subtract problems involving
a oné-digit minuend and a one-digit subtrahend’'but he could not subtratt prob-

. lems involving a two-~digit minuend or subtrahend without or with regrouping.

He could perform mental computations for some problems (1 + 1; 2 + 2; 1 + 4 - 2)
and solved five word problems invoiving the operatlons of addition and subtrac-
-tion.

Yol

| T Er——

CErErEa

In May of the second grade, B was again administered the KeyMath test and
recelved a grade equivalent score of 2.7. At this time, B was able to recognlze
: countlng by three's, and could also add and subtract problems involving one or
two-digit numerals without or with regrouping. There was no noticeable improve-
ment in his mental computational skills or ability to solve word problems.

|
‘On the PMNC second grade test in the fall, B could count frem 35 to 46 and l
count back from 6 to 1. He could not count by tens from 10 to 130 or from 26 to I
I

|

- 126. He could determine the number of a set represented by 6 bundles of ten
straws but could not determine the number of a set represented by 3 bundles of

S 9 10 :
'ERIC , | B -

- “
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ten straws and 7 single’straws. He could not count by tens and ones to determlnen
the value of a display of objects ‘or to form a set representlng a partlcular nuim-
ber. B Was able to use .counters to solve an addition problem whose sum was six
but could not use counters to solve an addition problem 1nvolv1ng 1 two-digit .
addend and 1 one-digit addend. Neither was he able to use’ counters to solve sub-. )
traction problems. B made no attempt to solve ‘missing addend problems. He an-~ -

swered 2 of 3 items correctly deallng w1th the concepts of more and less (7 :>4 //:/4

5, and. 9) from smallest to largest. B 4id not attempt to answer any questlons
- which called, for identifying names for the same numkters (6 +'3 and 5 + 4; 4 + 1
and 3+ 2;6-1land 3+ 2; 5~2andd~—1)., -

__.___"__-—-—a oo - T T T T ey @

Dhrlng the spring of the second grade, B was given a PMDC retést. Thls time ,
he was able to.-count. from 10 to 130 but when asked to count from 26 to 126 only -
counted to 106 after sklpplng 66. He could also determine the number of a set =~ ¢ :
represented by 3 bunidles of ten straws and 7 sihgle straws. B could also count : v
by téns and ones to determine the value of a display of objects or to form a set
reprﬁsentlng a particular number. He could use counters to solve addition and
subtractlon problems involving one and two-dlglt numerals without or with regroup-~
1ng. B solved all missing addend Droblems correctly and was successful on all
1tems dealing with concepts of ' greater than and less than." He also attempted )
and ‘worked correctly all items dealing with identifying names for the same num= -
ber.. . ) ’

. As a second grader in the 1’ teaching experiment, B w.s assigned to the em- V%
bodiment group (Ul) dsing sticks. 'Initially, B was easily distracted from his -
tasks. and had to be reminded frequently to stay on tasks until completion. Even-=
tually, B learned to work 1ndependently and. became a good student. His wor&éya///
often’ untldy but correct. Once a concept was learned, B did not care to egn'lnue :'

~work at the manipulative level and would say\ 'I'm tired of working with sticks;
whén are we going to write?". :

) é f;equently wanted to do worksheets without receiving instructions and al-
ways. felt that he knew what to do but this proved not to be the case in many in-
stances. He wanted to appear superior to others in the group and would often re-
mark, "Aren't you flnlshed yet?" or “That's easy” or "Didn't I do good work today,
teacher?"

-]
The fOIIOW1ng discussion of B's work in the Tl teaching experiment is organ-
. ized ‘under che following topics: place value, ordering, addition and subtraction

with regrouping, addition and subtraction without regrouping.

PLACE VALUE
Inltlally, B had difficulty responding to questlons related to counting stick 4
dlsplays because he didn't pay attention and never knew what to do. It scon be-
came apparent that when B listened to explanations and instructions, he could re-
spond successfully to most questzgns. B had little difficulty counting picture
and stlck displays; however, he would make occa51onal careless errors. He was the 1
|

glrst one in the group to read ta:rms such as, "one, ones, ten, tens, bundle, bun-
‘dles;; stick and sticks."

-
"

oy Y | L

|
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B was not cnly untidy in his written work but made a number of careless -
. . > " . -~ . . . . . . b

errors in recording. He encountered difficulties in filling in blanks on work-~
sheets containing eXercises such as: - 2

3 bundles and 5 sticks

o

[ . ",
tens and ones.

L and . ,
* » . . LRI

B could usually fill.in the second line correctly (__-tens and _ -ones) but had-

“difficulty determining ‘what shaquld go on the third 1ine ( and _). Fventually,

he overcame this difficulty and had no trouble filling in 51lear w°rksheets at
a later date. . . . ) . 3 .-

«

Y
3

B could tell how many in all for a dlsplay of 1+9 bundles and conld form

'stlck displays for numbers from 10-80 when such a number was glven orallg by the

teacher. Given a two-digit numeral B could explain the meaning of the dlglts
verbally in terms of tens and tens and 'ones and. could use sticks to explain the
numerals. On wordsheets, he could write and tell the number of tens and ones-
that were in a two-digit numeral but had difficulty determining the total. number
of ones. B was one of the few chlldren in the group to respond successfully to

worksheet 1tems such as: . 7

rot
-~

45 = 4 tens + _5 ones

In the spring of the year, B made a smooth trahsition to three~digit numer~
als between 100 and 200. B could count from 1- 100 by ones independently. B had
difficulties, however, determlnlng how many " tens were 1n a number such as 170 or
in a plcture dlsplay of a three-digit number. His response would often denote
the number of ones rather than the number of tens. Samples of B's work illustrate
these difficulties: SN

-

Picture Display: "B's ﬁesponse:
\ .
1 Bundle of bundles and . 150 tens v
. 5-bundles : .
- - . !
1 Bundle of bundles and . . 110 teps
1 bundle .

’

These dlfflcultles cont*nued to plague B at the symbolic level as'lndicated by
thf following samples of his work: :

.

6 tens, 1 hundred = 106 tens

120 tens = _2’ tens

»

170 = 71 tens .




- ORDERING '
4

B could count: stick and picture dlsplays for numbers greater than 200 and

Wi L could. form stick dlsplays to represent given numbers. Generally, he had no dif-

flcultles in determlnlng the number of hundreds, tens, and ones contained in a
three-dlglt numeral.

B had no difficulties reading three-digit numerals and seldom made mistakes. .

~ He also had the ability to change a given dlsplay so that it would show the same
n_number ‘but with "uore tens" or "more hundreds.™
At the end of the school year during the final evaluation 1nterv1ew, B was
able to transfer his concept of place valué to new 51tuatlons in that he was able
to represent 2 three-digit addends correctly with beans, a manipulative that was
not used during the Tl teaching experiment. B was also able to correctly repre-
-sent three-digit numerals using sticks, a familiax manipulative. He could read
~three-dlglt numerals and determine the total number of tens contained in a given
number. B was able to determine the value of 2 hundreds, 13 tens, 4 ones (334).

" 7 When shown 156 and a picture dlsplay depicting 156 arranged as l4 group$ of

tens and 16 ones, B was unable to relate_theﬂgigture to the numeral and did not—-
»thrnk_that the plcture went with the numeral. Neither did he think that "245"
-afid "1 ‘hundred, 13 tens, 15 ones" were names for.the same number.

-

) Ordering pictures representing numbers from 10 to 20 was difficult, initi-
,ally, for B. When given a set of pictures to order dépicting numbers from 1l to

20, B was the first to finish but he had ordered them incorreccly ("11, 12, 13,

14, 15, 19, l%__lz__ggill__Later7~he -was—abletc order them correctly. On an-

_______———ther'Ucca51on, when given a set of pictures to order depicting numbers from 20

to 30, B ordered them in the following manner: "21, 22, 23, 24, 25, 26, 27, 28,
29, 30." He held the picture for 20 in his hand and seemed puzzled about its
place in the sequence but eventually realized that it should precede 21. No
problems were encountered by B in ordering picture sets for 40-50, 80-90 and *
-10-90- -
B had difficulty reading phrases (" is less than" and "is greater than")
anq symbols ( <, >). He had similar dlfflcultles in constructing number sen-
tences of the form: T

o

"is greater than"

"is less than"

— S

B, frequently, knew which of 2 numbers was the greater from picture or

- SthK displays but had difficulties verbalizing or writing a formal statement
to this effect. Eventually, B overcame these difficulties and, learned to han-

dle the formal statement? in both written and verbal form. After appearing to
pnderstand concepts of "more" and " less" in comparing two numbers, B had trou-

4
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ble' determining whether a particular number sentence was true or false. For
o example, he knew that 59 was greater than 39 but could not tell whether the sen-,
tence "59 is greater than 39," was true or false.

s After representing given numbers with stick displays, B could easily show

) sticks to represent 1 more, 10 more, 100 more, 1 less, 10 less, and 10O less.

; ) This knowledge, however, did not transfer to picture sets. B had a considerable

: apodnt{of difficulty trying to find pictures from a picture set showing 10 more

or 10 less than the value depicted by a particular picture stick display. For
example, B selected the picture representin$ 343 when asked to fird a picture
representing 10 more than a picture representing 243. Selecting pictures to

éhew 1 more, 1 less, 100 more, or 100 less than the value of a given picture was o
easier for B.

At the symbolic level, similar difficulties were observed when B had to show
10 more or 10 less than a given number. Showing 1 more, 1 less, 100 more or 100

less seemed to be an’ easier task. . ,
: .

-

During-B!s final .valuation interview; B's grasp of ordering was revealed )
5 wnen. he correctly determined the number that was 10 more than 137 and the number v
r that was 10 less than 253. \ ’

e e

T

. ADDI TION AND SUBTRACTION WITHOUT REGROUPING ~ , )

B had no difficulty showing the addition and subtraction of number pairs
. using.stick displays and was able to verbalize what he had dcne. He could also
write addends and sums for number sentences which were read orally by the ‘teacher.

PR ¢ N

When working with pictures, B had no trouble selecting pictures for.a .given |
addition problem and was able to put the pictures .in sequential order.

Initially, B had difficulty recording and making careless errors on work-
, sheets. His work was usually very sloppy. He had a tendency to place tens un-
- der, ones and vice versa but usually obtained the correct answers. Samples of
his’ recording -errors follow:

5¢ -3

=92 _— )
i i "“"‘3\5 o T
< With the passage of time, B improved his recording skills. He also experi- .

enced dlfflcultles in filling blanks for worksheet items similar to the one below:

ones in all
tens in all v

o — | together ‘

He knew where to place the addends and sum but often made errors in the inter~ .
mediate step dealing with the "ones in all" and the "tens in all" step. *

B did not care to use the form board to assist him in using manipulatives
_ for working addition or subtraction problems. He felt that he knew what to do
" so he did not want to spend time manipulating.

| « | . 14




During the teaching of addition and subtraction, B was frequently absent,
but after a day of instruction, would have no difficulties performing tasks that
others had worked on for several days. He knew quite a few basic facts from mem=
ory and perhaps used counting strategies for adding and subtracting less frequent-
ly than most of the other group members.

B .did well on his addition and subtraction achievement tests. On parts of
the tést that were timed, B's time was longer than it should have been because
he spent a great deal of his time looking around to see the progress of other
group members. B worried a lot aobut the progress of other group members on most

tasks. He liked to feel that he was top student on most tasks and would frequent-
ly reply when doing his work, "That's easy."

.

ADDITION AND SUBTRACTION WITH REGROUPING - -

B had no major problems adjusting to solving addition and subtraction prob-
_lems with_regrouping. _When_he first encountered the form board for addition wi.th

.regrouping, B had difficulty displaying the corréct number of sticks on the "tens

in all" line. He wanted to count the-ten he got as a result of trading as a part
of the tens in all and would have 1 ten more than what he should have had. ™After

a few enactive lessons on addition with regrouping, B overcame this problem. Icon-
ic lessons and symbolic lessons did not pose any problems for B as far as addition
with regrouping was concerned but B would make careless errors in basic facts as
indicated by the following samples of his work:

19 &7 '
T8¢ T3

o
0)
AW

/5 /6 :
—_———ga.. . &0

33 7L T T T T

Subtraction problems with regrouping would present probléms for B from time
to time. Some errors were made due to B's failure to trade in problems where
there were not enough ones to take away the required number of ones. For example,
B's solution to 72 - 49 was written as follows:

72
B 4
27

..
v

-

Other errors were made due to errors is basic facts as indicated by excerpts of
his written work belcw:

f .

S 94 B
y —L Ry
26 %9




Still other errors were due to the fact that B decreased his tens but did hot
increase his ones. For example, he solved 48 ~ 39 in the following manner:

- 4
v

Zeros in the minuend. bothered B from time to time, and he would sometimes sub-
tract a non-zZero number from zero and get an answer of zero. An example of th%g
error follows:

i =35

¥

On worksheets 1nvolv1ng both addition and subtraction probiems, B was care-
less in reading his' operation signs and would sometimes add when he should have
subtracted and vice versa.

Dﬁring the final evaluation interview, B was able to $olve the following
three-digit addition problem with a familiar manipulative (sticks):

345 | :
. .. _ T f_jZ;EL

A —

Id

-

This represented a new situation for B because he had not beenktaught regrouping
involving three-digit numerals. He also solved the following three-digit prob-
. lem using paper-pencil: *

o -. oyl
" /62

. 6of

B was also able to transfer his concep+.of regrouping to a new manipulative
(beans) which he had not been instructed to use and solved the following prob-

lems \.orrectly 3 Q(_/ L/?é
- ‘ /? 26/ 7




"

B's .concept of regrouping did not enable him to solve
problems correctly.

With sticks:

—— i i3
EEEEr-Pencil:

the following subtraction

(B's answer)

, < : I1. THE CASE OF C-_

. by
. Eua Baieo

\

BIOGRAPHICAL AND TESTING INFORMWATION .o

C is a male child born March 22, 1968.' He lives in a house with his grand-
parents and a semi-retarded uncle who assists the grandmother occasionally in

caring for him.
lives out of town.

C has a nine year old sister-who lives with him—anda mother who
The grandmother tries to keep the family together.

C's mother

visits him from time to time, but he is happiest when his mother is not there.

In the first grade. C would relate to only one teacher and was a behavicr

problem whenever other teachers were around.
people but not "with" them.
strike them for nd apparent reascn.
+about kicking animals and pulling tails ‘off of dogs.

He was a loner who would play "at"
He wanted to dominate other children and would often
C had a cruel streak and would-often talk
Sometimes C would punch the

teacher with his fists and would continue to do so until he was reprimanded.

Often times, he called it playing but never knew where to draw the line.

seemed to scream out for attention.

C was very emotional but refused to show his emotion.

C

When he was disci-~

pliné&} he would often show tears. but never cry and would clam up and refuse to

talk about his problems.

C handled money on several occasions that his grandmother wz2s not aware that

he had.

It seemed as if he had used money earmarked for school supplies to pay

off children on the way to school to keep from being beaten up.




C held most things inside and seldom talked about hlS inner feelings and
rarely smiled. He had a poor self-concept based on a Self—Concept Test admini-
[ steréd by the guidance counselor. His test responses indicated that he liked

his teacher but didn't think the teacher liked him. It éiso revealed that he
- was half happy with himself and half sad with himself. e

. '\

s C did not vwant to be thought of as a good" person but preferred to be la~
beled a "bad" person. He detested stars for good deportment or achlevement. c
seemed to enjoy TV and would watch it Very attentively. Academically, o's per=
formance was below average in the first grade. With the proper motivation\and
interest C could have worked on an average or above level in most areas accdr-
ding. to his teacher. On the Comprehensive Test of Basic Skills (CTBS) admini-

P stered at grade 1.6, C's grade equivalent scores were 1.4, 1.5 and .8 for read-
- ' ing, language, and mathematics, respectively.’

L}

During second grade, C made considerable progress in his academlc studies.
. His entering second grade utis-Lenpnon IQ was 8l. On the CTBS admlnlstered at‘

— grade 2.6, C hada grade eguivalent-scores-of 2.8, 2.6-apd-2-6 in. readlng:<laﬁ—>e_;7“"§
guage, and mathematics, respectively.

MR
wE .

. Y ‘
C had an entering KeyMath,gradeﬂequlvalent of 1.8. He could compare the 1

; . numerousness of sets of nine.oxr fewer ‘objects and could find the missing ‘number.
L in a sequence such as 1, 2,

L 4, 5.. He could not identify missing numﬁbrs for
sequences such as: __, 6, 7 9% , 19,; 987 99, __, 101. He could-add 2

one-digit addends 1nvolv1ng sums less than ten but could not add ,problems in- i
volv1ng sums greater than ten without or with regrouping. Neither could he solve
missing addend prcblems. He c¢ould .not do subtraction problems involving minu-
ends greater than five and subtrahends greater than two. The only mental compLJ
tation problems that C could handle were those involving a sum less than five\

4
S He could solve five word problems 1nvolv1ng the operatlons of addition and sub~ !
tractlon. ‘

¢
w\

-

In May of the second grade, 'C.was again administered the KeyMath test and
received a grade equivalent score of 2.5. At this time, C was able to identify
migsing numbers in a written seque:ce such as __, 6, 7, 9 19;- 98,--99.. -%
__+ 101. He could also add problems involving one or two-digit ~ addends without |
or with regrouping. He could also subtract problems involving regrouping. There?

3
i

i
|
3

were also a slight rmprovement‘ln his ability to handle mental computatlons and
wcrd problems.

On the PMDC second grade test in the fall, C could”>count from 6 to 15,‘§gvioﬁ“*“'77

46 and could count back from 6 to 1. He could not count by tens from 10 to 130,

or from 26 to 126. When asked to determine the numera represented by 3 bundles

of ten straws and 7 51ngle straws, C counted by ones t..d gave ten as his answer.

He could not count by tens and ones to determine the value of a display of ob-

jects or to form a set representing a particular number. C could not use count-

. ers to solve an addition or Stubtractioh probleém and™did not Sttempt to solve any
missing addend problems. C answered 2 of 3 items correctly dearlng with concepts
of "more" and "less" but was unable to order four numbers (2, 3, 5, 9) from smal-
lest to largest. C Jdid not attempt to answer any questions which called for idern- {
_ tifying names for.the same number. (6 + 3and 5+ 4; 4+ 1 and 3+ 2; 6 -1 and - |
3+42;5-2and4-1; 10-5and7~-2; 4+ 1and7 - 2). |

v A EAos AP VLA VA b A
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‘During the spring of the second grade, C was given a PMDC retest. A£ this
s . tlme7 he was able to count back from 44 to 25, count by tens from 10 to 130, de-

?f . termine the number of a set represented by 3 bundles of ten straws and 7 single
f - straws, count by tens and ones to determine the value of a display of objects or .
. ~ form a set representing a particular number. C could also use counters to solve

an addltlon or subtraction problem and solved 2 out of 4 m1551ng addend problems.

C .answered all items correctly dealing with the concepts of "more" and "less"

but, still had difficulty ordering four numbers (2, 3, 5, and 9) from smallest to

L i largest. C attempted and worked successfully all guestions which were ‘related to °~
; ldgntlfylng names for the same number.

N

Red

o As a second grader in the Tl teaching experiment, C was assigned to the em-
; . bodiment group (Ul) using sticks. Initially, C was a behavior problem but even-
; . tually became more interested and involved in his work and was less disturbing
%" R to-the teacher and other puplls. Even. though C. often ‘engaged in mischievous be-~
f" havioxr such as hialng the teacher's pencil, notebook, or teaching materlals,
O there was something likeable about C. He grew fond of the teacher and on several
f ___ occasions drew pictures during art periods -and presented them. to. the teacher. dur-_
T 1§§=§5e mathematics period. ~Each—time—the teacher was—given a picture, she‘wouldku_
e thankxcnand hug him, and he would llght up like a Christmas tree.
: «C worked well on most tasks and often grew‘%lred of stick manlpulatlons.A He
: > looked forward to lessons at the’ symbollc level and would often -ask, "Are we going
- to write today?" Sometimes C would make careless errors even though he knew the
‘ concept because he wanted to finish first. He did not like to wait for the teach-
ers to give instructions because he felt that he could figure out what to do with-
out this help. C was often the first one to solve a dlf‘lcult problem without
cues 'or prompts from the teacher.

Some days C would have difficulty trying to stay awake during class time. -
It was thought by his homeroom teacher that he stayed up late nights’and did not
e get the proper—rest.— -

»

The following disucssion of C's work in the T1 teaching experiment is organ-
.ized under the following topics: place value, orderlng, addition and subtractlon
’ without regrouplng, addition and subtraction with regrouping.

3 . .o }

_— PLACE'UALUE 4 S '

} . Countlng .and forming displays with sticks to represent numbers less 'than 100
- was not a difficult task for C. He would make occasiohal careless errors but -was-
usually able to correct his mistakes without prompts or cues from the teacher.
Although C could count stick dlsplays at the onset of the teaching experiment, he
had difficulties reading terms such as one, ones, ten, tens bundle, bundles, stick,
stlcks,_and filling in the blanks on worksheets containing exercises such as:

©
4 bundles and 2 sticks
B tens and ones
and

- 10
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C couid usually £ill in the second line correctly but had trouble detexmining

what should go in the blanks in the third line (___ and ). It was some time
' . * before he realized that he needed to flll\ln the value of his tens and the value
{ . cf his ones. Eventually C overcame this dlfflculty and had no trouble filling

.in slmllar worksheet items at a later da e.

1 t A .
- . N\
N T could tell how many sticks he had i 1all for a display of 1-9 bundles and
Lo . could show stick displays correctly for-numbers from 10-90 when given to him or-
P ally by the teacher. - ’
¢ would get sleepy and restless on occasion and often resorted to attention-
seeklng behavior. When asked to write the numeral for 65 on a particular day, C :
wrote. the numeral correctly using his left hand to write the 6 and using his rlght o

g\\\ hand to write the 5. While other children in the group would reverse dlglts when
]

‘writing two-dlglt numerals, C never did this.

Given a two-digit numeral C could explain the meaning of the dlglts verbally:
in texms of tens and- ones.and, could .use. .Sticks. to. .explain the numerals. On work- v
'sheets, he. could write and tell the nufiber of tens and ones :that were in a two- -
digit numeral but had difficulty detérmining the number of omnes. : =

A

C e In the spring of the year, C made a smooth trancition to nunibers between lOO\m
o and\200 represented by-three~-digit numerals. < could count from 1- 106, by ones 1n-,
. ) dependently C was a good thinker and would often demonstrate this ability by in-
K -. dependent observatlons that he made. When shown a picture of 10 groups of 10 -
sticks, one boy in the group remarked, "That looks like 100 sticks." C followed
with the statement, "That's. the:same as a bundle of bundles:"

<

“1

LY . C had difficulties determlnlng how many tens were in a numeral such as 150
or in a picture stick display representing a three—d;glt numeral. His response
would_often_denote_the_number—éi-ones—rather—than—the—number—of—tenST——Samples
of wrltten work further illustrate these difficulties.

" picture Display C's Response LT
Te ‘ 1 bundle of bundies ' 100 tens
;., K . 1 bundle of bundles and 150 teés
- ’ 5 bundles .
a 2 bhndies of,bundles h 200 tgns

B s 3 .. - -

7 Translatlng a nufeéral such as 150 from-expanded form to ___<tens was diffi-
cult for C and he never seemed sure of his response. If there was any indication
that he was wrong, he would.,correct hls mistake. "It was as if he had 2‘answers
avallable and if the first answer wasn't correct, then it would have to be the
‘second one. Samples of written work indicate. these insecurities:

/

"6 tens, 1 hundred = 61 tens," later changed to 16 tens when he -- e
' discovered that his flrst answer wac incorrect. '
"0 tens, 2 hundreds = 2 tens," later changed to 20 tens when
he discovered that his flrst answer was 1ncorrect




Fo N R L - . T T T

(o could count stick and picture displavs for numbers greater than 200 and
count form stick displays to represent given numbers. Generally, ne had no dif-
flcultles in° determining the .number ¢f hundreds, tens, and ones contained in a
e three~digit numeral. . Sometimes, C would make careless errors such as:

: . ’ . 140 = _1 hundred, _O tens, _4 ones

~ C had dlfflcultles reading three-d'glt numerals and rarely made mistakes.
C also hdd’ the ability to change a 'given stick dlsp*ay so that it would show the
same number but with "more tens" or "mere hmmdreds.'

"At the end of the school year during the final evdluation interview, C was
able to transfer his concept of place value to a,new situation in that he wASs
able to represent 2 three-digit addends correctly with beans, a manipulative
that was not used in the teaching experiment. Other novel situations proved too
difficult for C such as:

r
Determining the number represented by 2 hundreds, 13 tens.
i B ) 4 ones;- (C said the ﬁdﬁﬁéf‘Yégiés@nted”was”"234")"*‘““" e

-Recognlzlng that 245 and 1 hundred, 13 tens, 15 ones were o
naimes for the same number; (C thought correct answer had
t6 be "2 hundreds, 4 tens, S ones).

at

When shown 156 and a picture display of 156 objects arranged as 14 sets of 10

. and 16 ones, C was unable to relate the numeral to picture and did not think
the picture werit with the numeral. He was also able tp represent severa1 three-
dlglt numerals correctly using stlcks, a familiar manipulative. .

g

K " ORDERING

Ordering pictures representing numgers’frdm 10 to 20 was easy for C. He
was the first in the group to order these pictures correctly. C found the pic-
~ o ture for 10 first, then searched for the others.in order, 11, 12, 13, . . . ,

29, 30. He looked puzz.ed when he was told that the picture representing 20 was
left but was the first to discover that it'belonged in front of 21. C had no
trouble ordering the 40-50 sequence but had trouble ordering the 89-9C sequence.
When given a set of pictures to order representing the numbers for 23, 43, 34,
75, ©D and 70, C asked for numbers that he thought had been omitted such as 24,
25, etc. However, when told to order what he had, he was able to order the num-~
bers from smallest to largest. When. presented a set of pictures depicting num-
bers between 110 and 200, C successfully ordéred them. de did not search for
"+ "a'pattern but simp’y evaluated each picture.

C had difficulty‘reading the .phrases, "is lesS than" and "is greater than"
and also the correspondrng symbols ( <, >).. Hle had similar difficulties con-
structlng nurber sentences’ of the form:

P

T%e greater than"

o\
"is less than"

_____.>_\.__

—<—

1\2

T
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" this cffect. In time, C overcame these difficulties and learn2d to deal with

~ erally show 1 more, i0 more, 100 more, 1 less,” 10 less or 100 less. C was un-
. able to transfer this same knowledge to picture sets and often chose the- dincor-
_ rect picture when asked to show a picture that represented 10 more or 10" less

b
Ty

e e e n T

-~ n

C frequently knew which of two numbers was the greater from a p ~ture or:
stick display but had difficulties verbalizing or writing forwnl st3* .ecents to

the formal stat ements in both written and verbal form. After appearing to un-
derstand concepts dealing with. "more" and "less" in ccmparing two numbers, C.
had trouble determining whether a particular sentsnce was: -true or false. For
example, he knew that "2l was less than 35" but couldn't .tell whether the sen-
tence, "21 is less than 35" was true or false. The words, "true" or "false"
did not have any meaning for C. Yet, if he was asked whether the sentence was
"rlght" or "wrong," he could freqﬁently give the correct response.

After representlng a partlcular number with a stick display, C could genw

thgnAa given picture. Faox instdnce, C showed the picture for 343 sticks when
aske@’to find a picture depicting 10 more than the picture representing 243 ‘
sticks. Selecting pictures to show- I more-or 100 more than-a given picture. —— ]

the concepts of 1 more, 1 less, 100 more or 100 less.

seemed—eas4ex;:han~selectlng_the_plcture_to.uhow_lo more than a given plcture.-

Similar dlfflcultles were observed at the symbollc level when C had ta show R
1 more, 1l less} 10 more, 10 "less, 100 more, or 100- Tess than a given number.
Again, the concepts of 10 more and 10 less appeared to be more difficult than

Duripg his final evaluatlon interview, C's concept of orde-lng enabled him
to determine that 10 less than 253 wes_243. When asked_why_243—was—eerree#——ﬂe———————_

o

.plied, "127." When asked why this was so, he replied, "You add 1 more .ten."

ADDITION AND SUBTRACTION WITHOUT REGROUPING

replied, "You take away 10." When asked what number was 10 more than 137, C re- . -
Apparertly, C knew what to 4o but did not realize that he had taken away a ten

instead of adding a ten. C was also able. to represent a three-dlglt numeral

using a stick display and then change the display to shdw more’tens. He also <
recognized the fact chat he could regroup his sticks to show more tens but that

the value of the number represented by the original stick display. stayed the

same. :

.

tin " N

€ had no real difficulties showing the additidn and subtraction of number
pairs; however, he would make occasional errors due to erxors in counting pic-

_ture or stick displays.. C could select sequential pictures for a given addition

problem and put them in order. He could look at a picture of a stick display

. représenting an addition problem and could chow fhe answer w1th sticks.

.

‘e — — - - ——and -vice versa.- Samples .of his recgrding_difﬁicultiegigre,ngged below:

’

In the beginning, C had problems recording addition problems and would
sometimes put the numerals representing ones under numerals. representing tens

;ZLf . (#fs- 13
L +3 .
,‘_’—/\

£6 48 |




On worksheet exercises employing the following place value chart format, C had
trofible filling in the blanks for the intermediate step. (Ones in all and tens
in all). L

ones in all
tens in“all

altogether :
- -

When.C solved subtraction problems he would frequently use doubie zeros
 (zeros in the one and tens place) even though he had been taught that the use

of one zero was sufficient. For example, he would write:

e~ ko oeorow

: - — e - e . e ——— =

Y

On worksheets that contained both addition and subtraction problems, c
_ would sometimes overlook the operation sign and add when he should have been
subtracting. An example of this errdr appears in the following samples of his
work: : '

. (O - F5

PR A v e Provided by ERIC .
T . .

=35 —<
, | 20 $7
. . When addition ané subtraction was first introduced, C did not have a com-

mand of many basic facts. He quickly learned strategies for both addition and
subtraction and readily used them when deemed necessary.

Prior to being taught how to regroup, if C had problems such as
[ /¢
=

. —— .
\ .

A '

he would not attempt to use subtraction strategies. Instead C would subtract

the smaller numeral from the larger numeral in the ones. column and -bring -down-
the numeral in the tens column. When asked to explain his answer of 11 for

14 - 5, C said, "5 take away 4 = 1; bring down 1." A similar explanation was

-given for 16 - 7 and other problems of that type. .

After much practice, C becamt proficient with most of the basic facts
addition and subtraction. On a subtracticn achievement test, C scored very v
14

O i A -
Q “.3 bam .
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) AWITION AND SUBTRACTION WITH REGROUFING

s g C haé some proﬁlems adjusting té both addition and subtraction problems

: with regrouping. When he was £irst introduced to the addition form board, C

: . * had difficulty displaying, the correct number of sticks on the "tens.in all”

: _line. He wanted to count the ten he got as a result of trading as a part of-

ES the tens in all,line and would have 1 ten more than what he should have in his’

sum. This difficulty was carried over to the iconic and symbolic levels for

3 awhile. When given a picture stick display representing 38 + 57, C solved it:

: g as follows:’

<
. 38
- N o . /g ones in glla )
‘\ 90 tens in all ‘ i .
‘ 9&5; (correct answer was obtained by
.counting picture st%fk display)

"
‘e
.
-~

S Other errors that C madewere d“‘t°"Careless“er¥055~in~basic-facts.Adrbr;gzr__v'
ample, he-solved 58 + 28 as- follows: ® -

s 58 - o
; o ’ ' ffﬁZﬁ%Z. : ' T . :

i “ .
For a while, C had problems learning to trade in preparation for regrouping

in subtraction. Some of his initial trading errors are indicated below

Qg A
S 4 1~ A L5 2|7

' I

v

Trading, errors were carried over to subtraction. problems. for a while ‘as rgvealed '
by the following sample of his work:

by the following 2,1 ,
‘ X

: o 2 (O ‘ .

o

»

Eventually C learned how to trade but had difficulties when a 2ero was' in the
ones place in the minuend. He treated a problem such as “zero take away nine" -
as though in were "nine take away zero." C's difficvlties with zero are illus~,,
trated by the following examples: ’

. - Y e . 15
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: ‘ Sqﬁetimes C would subtract the numeral representing the smaller number of ones i
T ~from- the numeral representing the larger number of ones instead of trading. o
% Examples of this error appear below:- ' : :

g’ i;y - . . . <7féa’ j é7 ' 7 ‘\.:%;
</l 2 | SR

L

. MWhen-working subtraction problems, C preferred to put in an extra step .even

?’?:W ‘though he was not taug..t to do it this way for the aldorithm. C's method is - f.
i - illustrated below: - . . -~ o
: Sl : ’ 42 9 ‘ Pl
Q2 . -
~ ! . '”:
> - 7. T : N
M 1 @ . ) 3 - .
: — : . v o
‘ ; 2 r: 2 “ . j,//f
) During the finé} evaluation interview, C was unable to transfer his concept Tl
of regrouping to a new situation, that is, to the addition and subtracticn of* .
three~digit numerals in 6 out of 7 problems. :
- Using sticks for the first three items and pencil-paper for the last two -
o® items, C's incorrect answers are noted below: o, " , :
- - Sticks .. Pencil-Paper

) 3‘/5 ['5¢4 5327- / (7("24 ;239
+173 DL ~L0_Q§ e — 5/
e R X 7~ Rys

; ﬂd'igs, however, able to use his knowledge of regrouping to solve the following .
) problem correctly with beans, a manipulative he had not been taught to use. )

_ 295 .
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"+ and would never join in games with other children. D has very little self-con—

>

.C}s procedure. was as follows: - H _T 0
reprosente9/245 with beans .' ' = 2 4 5~ \:///:
0 traded 1 hundred for 10 tens and showed —;——j——————— 1 14 ‘/§»/
.removed 1 hundred : - //;Q/ 5
- traded.l ten for 10. ones and showed //,/// 12 15
L removed Q'tens'and 8 ones. _ . ////// . ' 3
" showed for final answer — ~ ~ 9 7

T A

- YP1. THE CASE.OF D :

/ - - .
L 7 - e®

P . by - .
ELla Banco | .

- \
._~BIUGRAPHICAL AND TESTING INFORMATION

- D is a female child borﬁ Fébruary 2, 1968. She lives in a house shared by
another family. D .and four otner children, a seven year old brother, a four
year old sister, a one year old 51ster, and a four month old sigéter are reared

: by their mother. Although there is no father living in the home, D's mother

provides her with love and affection and appears genuinely incerested in her
welfare. - .

.

. During the schogl year, there was evidence of a lot of commotion in the

* .home and D seemed to seek out situations which afforded her adult protectlon.
Whenever she went on the playground, she would always stay, glose by her teacher -
fidence. ‘¢
D's mother was pregnant for a portion of the school year and did not work

outside the home. Her family would be classified in the lower socioeconomic

jevel based on annual income.

~

D, a very-soft spoker child, Was characterized by her teacher as having a
totally passive personality. Other children found it an easy, job to walk over
her. D never tried to form friendships with other children and had no real
friends. However, she was. not disliked by other students in the room. In.fact,
one of the'smartest children in the room chose D to be-her partner on a field
trip and alsovselected her as a.friend on a claésrooﬁ sociogram.

"D attended k-ndergarten, first, .and second grade at' the same esementary
school. She was a poor speller and reader and was a participant in the ESEA
Title 1 program which provided opportunities for needed indivijualized instruc-~
tion. D eventually recei.ed help at home, and her reading and spelling ablllty

improv
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.grade equlvalent increase in her mathematics test scure. Her entering second

" .0us: dlfflcultles along the way.

. D was an insecure child and never wanted to try anything new unless it was
v."a game. She thrived on nositive reinforcement and praise. D would sit passively

_ly in- the classroom and never say anything unless persuaded by the teacher. She
never wanted to go to the board or do anything individually that would focus at- «

#r
_ . .D-was not a’good student in the first grade. She scored below grade level
-on the: Comprehensive Test of Basic Skills (CTBS) administered at grade l. 6 with

» 1grade equlvaIent scores of .6, .1, and .l in. reading, language, and mathematics,

~respect1ve]y.

"téntlon on her. - “ . . .. .

Durlng second grade, D was still functioning below grade level; however, v,“m_,w____,;

there was a noticeable lmprovementﬁln_her mathematics gradé equlvalent score on
the—seeond—grad*'CTBS. " Her grade equivalent scores for this test-were 1.2, 0. 6,
and 1.4 for reading, language, and mathematics, respectively. Notice the 1.3

grade Otls-Lennon IQ was 73. Although operating below grade level, D tried
hard to complete -all tasks even though she worked slowly and encountered numer-

- L}

D-had an enterlng KeyMath grade equivalent of 0.7. She could compare the
numerousness of sets of nine or fewer objects but could not identify missing
numbers*ln a written sequence (___,'6, 7, ___ ., 9; —_ 19; 98, 99, _. , 1l0l1).

D could -add two one~digit addends : 1nvolv1ng sums less than ten but could not
-add problems involving sums greater than 10 without or with regrouping. Neither
could she solve missing addend problems. D could not subtract problems 1nvolv-
ing mlnuends greater than five and subtrahends greater than two. “D could not
perform successfully on any mental computation problems. She could only solve

~~one word'problems which’ 1nvolved the taking away of one object from a set of v

tWo, objects.” Having or not having a picture prompt did not seem to make a dlf-
ference in D's prablems solving ability. -

. In. May of the second grade, D was again admlnlstered the KeyMath Test and
recelved a grade equivalent of 2.l. At this tlme, D was able to identify the mis~
sing number in sequence é___, 19). She was still unable to add problems involv-
ing sums,greater than 9 without or with r=group1ng. D was able to subtract prob-
lems .such as 5 - 3; 8-~ 2; 16, - 12; 14 - 6. 'She 1s Stlll unable to subtract .
oroblems 1nvolv1ng regrouping. D showed sone 1mprovement, however, on solving
word,problems presented w1th.a picture stimulus. . .

» "
, «On the PMDC second grade test in the fall, D had numerous counting diffi-~

‘culties. She could only count from 35 to. 39 when asked to count from 35 to 46.

D cauld not cqunt back from 6 to 1 or "from 44 to 25. She could not count for- .

ward by tens. from 10 to 130,or from 26 to 126. When asKed to determine the num-

ber of a set represented by 6 bundles of ten straws, D unsuccessfully counted

by ones. She could not count by tens and ones to determine the value of a dis-
¢Pplay of objects or to form a set representing a particular number. D could not

use counters to solve an addition or subtraction problem and had no success .
%ﬁ}th missing addend problems. D could tell which number was more or less from
sets of two elements ({5 4 8, 12 ¢, and {19 313"); however, she was un-
able to order four’ numbers 2 3, 5, @nd 9) from smallest to largest. D also
experienced failure on all tasks requiring the identification of names for the
‘Same number such as: 6 + 3-and 5+ 4; 4+ land 3+ 2; 5~-2and 4 -1; 4+1
and 7 ~ 2. .
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During the spring of the second grade, D was given a PMDC retest. This
time she was able to count from 6 to 15, count by tens from 10 to 130, count
A by tens and ones, determine the value of a display of objects, and form a set
. e representiny a particular numbér. She still could not count by tens from 26
to 126, solve missing addend prdblems, or identify names for the same numrber.

- ¢

.. , As a second grader in the Tl teaching experiment, D was assigned to the e
teaching group (Ul) using sticks. Of the six children who were originally .
assigned to this group, D seemingly had the most difficulties w1th tasks at
the manipulative, pictorial, and symbolic levels. She was usaally the last ’
one to finish assignments and frequently made the greatest number of errors.
"FOY Some toplcs, D worked, successfully at the- -manipulative and. pictorial le--
vels but experienced a great deal of difficulty at the symbolic level. D N
took longer to develop concepts and seemingly experienced retentlon difficul-
y ties within short time spans.

. The teaching 6f a new concept or procedure to D sometimes blotted out a
previously learned concept or procedure. !

2

When ;the experiment first began, D lacked self-confidence and would copy ﬁ
what she saw the others doing; however, as time progressed, she gained more ’
self~-confidence and showed more independence in performing tasks.

>

i

\ . The following discussion of D's work in the Tl teaching experiment is
organized under the following topics: place value, ordering, addition ahd
subtraction without regrouping, addition and subtraction with féggguping.

-e e

e . PLACE VALUE - ’ :

Counting and forming displays with sticks tO'representkﬁumbers less than
100 was a difficult task for D for a long while; however, she slowly overcame
some of these difficulties. Initially, counting difficulties were due to D's
inability to do rational counting. If she were counting a stick display, she
would touch some of the sticks and skip over other sticks and would not real-
ize that she had not accounted for all sticks in the display. D would fre-
quently lose her place in the counting segquence and have to start over. She
had trouble recalling the last number she had counted before adding on to a
stick display and would usually have to recount the entlre display. D even-
tually learned how to do rational counting.

D‘also had problems related to the counting of 2 displays of sticks to
obtain the total. She was shown the following stick display:

- D counted eaéh set separately (6, 2) and said that the total number of sticks
v was 62. For a similar display consisting of 2 sticks and 7 sticks, she said

that the total number of sticks was 27. For D, the total number of sticks in
two different sets appeared to be the number formed using the numerals assignad
to the total in each set. When shown a display of 14 sticks as 1 bundle and 4
sticks, D was unable to count the sticks or write the answer. She knew that
“there were ten sticks in a bundle but could not count by tens and ones. D
would either count by ones ("une, two, three, four . . ."), or che would count

19
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by tens ("ten, twenty, thirty, forty, fifty . . ."). It took D a considerable

period of time to learn to count by tens and ones, especially, fcr the numbers
between 10 and 20. She was verysprcud of her accompllshment the day that she
learned to count from 10 to 20 independently. :

When wrltlng a two-dlglt numeral D would frequentlz?reverse the order of
" the digits. For other numerals, what D wrote had no relat}onshlp to the numer-
als in the number being represented. Sometimes D would count a stick or p*c;
ture display correctly and give a correct oral .answer for the total number of
sticks but would be unable to transfer the oral answer to the corresponding
written symbols. -

~When asked to—make-stick .displays for particular numerals, D's stick dis-

plays were frequently incorrect. For example, when askeéd to show a stick dis=

play to represent 38, D exhibited 7 bundles. This would suggest that D did not
interpret. 38 as 3 tens and 8 ones. ' ’

- D never appeared to be thinking about how she would solve a particﬁlar
problem. It was as thouch, "I'm expected to give an answer, so I must 'say’
something or 'do' something." Rarely, if ever, did D say, "I don't know how
to do that" or "I don't know the answer to that question." . .

Filling in the blanks on worksheets also proved to be a difficult and
sometimes laborious task for D. For a long whlle, the words tens, ones, bun-
dles, and sticks were words that were read but had no relationship to the num="
erals used in representing a particular number. For a picture display showing
four bundles and 4 sticks, D filled in a worksheet item as follows:

40 bundles and _4 ones
_4 tens and _4 ones
40 and _4 ones
44.
In filling in'blanks in response to a number read by the teacher, D would

have difficulties similar to the ones indicated by the following sample of her
work.

Number read: D's written response:
42 ' ' _4 tens and _2 cnes
24 and _2
’ 42

D arrived at the correct answer by recounting the picture display.
At first D had trouble determining how many tens and hcw many ones were

in a two digit numeral and had difficulty equating 1 ten with 10. Eventually,

D overcame this difficulty, however, she never really felt sure of sherself when

asked to determine how many ones were contained in a particular two-digit num-

20 ¢
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- . In the spring of the Year, D encountered additional difficulties in try-
ing to adapt to three-digit numerals between 100 and 200. she had problems
counting and formlng stick displays to represent numbers between 100 and 200.
When shown a picture of 100 sticks and asked to count orally in a group 51tu—
ation, D did not know what number followed 99 in the counting sequence. When
counting stick displays of bundles representing numbers which were multiples

. of ten between 100 and 200, D would not know what to say after reach1n§ 100
and would usually start the countlng sequence over again. For example, D
counted 15 bundles in the follow1ng mannexr: .

"10, 20, 30, . . . , 100, 10, 20, 30, 40, 50."

When given a stick or pictuze display containing bundles of bundles, bun-
dles, or sticks, D had difficulty determining the total value of the display
as well as the number of tens and the number of ones in the entire display-
When shown a stick display of 10 bundles and 1 stick and askedito tell how
many sticks in all, D responded, "110." D's difficulties weresjcarried over
to her written work as indicated by the follwoing samples of her written work.

Teacher's Display " D's written Yesponses:
. 15 bundles - = ’ %QQ tens )
Y 16 bunéles =" ’ :29 tens
1S bundles o= _18 tens = 109 ,
20 tens = * 200 éens

Other worksheet items answered incorrectly by D were:

160 =

61 tens
130 ’ = 0 hundred, 3 tens

19 tens = 1l ten, 7 hundred

——

Translating a numeral from expanded form to tens was an equally dif-=
ficult task for D as revealed by the following responses:

6 tens, 1 hundred = 20 tens
‘ 0 tens, 2 hundred = 0 tens
= .. 20 tens

2 hundred, 0 tens

Numbers greater tﬁag 200 had an even more devastating effect on D's per-
formance. Counting, interpreting pictures of stick displays, and representing
numbers with stick displays was very ‘rustratlng at times for D. Samples of
her difficulties were:

‘ 21




Numeral to be displayed’ ) D's Response

with sticks:

271 - 0% " 241"
) Stick display given: ) ‘ D's Response:
2 bundles of bundles "240" -7
i and 4-sticks (cotnted: "100, 200,
. a . 210, . . . , 240")
Picture Displayed: . h D's Response:
2 bundles of bundles "80"

and 6 bundles

. < _ . " (counted: "10, 20,

30,

D frequently counts bundles of bundles and ones as 'ten§
D never learned how to read three-digit numerals independently.

.., 80")

When asked to

read three-digit numerals, she would respond by telling the number of hundreds,

-téns, and ones she thought the number contained.

. At the end of the school year, D's concept of place value left much to be
desired; and this was borne out in.her final evaluation interview. Place value
difficulties manifested during the interview were similar to the ones D had en-

countered throughout the schogl year such as:

(a) Inability to distinguish between tens and ones, and’
hundreds and tens on occasion when reading and writ-

ing numerals:

¢ read 156 as: "1 hundred, 5 ones, 6 ones
read 524 as: "5 tens, 2 ones, ¢ ones"
read 173 as: "17 + 3"

: {b) Inability to determine the number of tens in a given

number:

3 E: "How many tens are in 156?"
D: "14 tens" '

(c) Inability to relate a nunber and-a picture, fepresenta-

a tion of the number:

didn't think 156 was depicted by a picture display of 156

objects

(d) Inability to show correct stick displays to represent _

- a number:

-~

represented 148 as: 1 ten, 4 ones, 8 ones
represented 183 as: 1 ten, 8 ones, 3 ones

22 . :Sl
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Aruitoxt provided by Eic:

>

Lastly, the final evaluation interview showed that D was unprepared for
‘transferring place value concepts to new situations. When shown the following

) problem, D was unable to determlne the number it xepresented.

»

) HTOV “
2 13 4

When shown 245 = 1 hunared, 13 tens, 15 ones, D did not think that this was
-correct but was -unable to tell why -she thought it was not~correct.

. - .
v 2, ~

ORDERING t

D did not know what to do when told to order plctures of manipulatives >
represcnting numbers from 10-20. She watched to see what her classmates were
doing and simply imitated their behavior. After improving her counting abili-

ty,; she was-then able to order the pictures without prompting:.— D had consider= = ~

ablh difficulty ordering picutres representing numbers: from 20-30. She could
not keep track of the numerical values of particular plggq;§s>and recounted

the -same plcturé se"eral times. D did better“QZEh “the 40-50 sequence. It
appeared that for this picture set, she, ordered the pictures on the basis of
the number of ones rather than determlnlng the value of each plctgge as she

had done previously. Ordering difficulties seemed to have returned when D
attempted to order the 80-90 sequence. Again, she attempted to determine the
value of each picture and was unable to remember what she had counted and had .
to recount numerous times. D never learned how to order the larger numbers

such as 110-200 and copied what others ‘were doing. - .
o

o o

‘ D could not determine which of two sticks or picture displays was "more,
less, greater, or fewer." If the two displays each involved bundles and sticks,
she would pick the ore that contained the most bundles to represent the greater
number. If, however, the number of bundles in each display was the same, D was
unable to look at the ones and determlne which display was "more" or "less."

D had difficulty reading phrasgs and symbols for "is-greater than" ( > ) and

"is less than" (< ). She had similar difficulties constructing number sen-
téhces of the form: _ ) '

"is greater than"

"is less than"

—_—
v LI

o <: ¢ . . ]

" D had no idea when to use the "is greater than" or "is less than" symbols (<

i

> ) and did not know how to read sentences -Such as: .
©3<s .
5> 3. ' .

D never knew when a sentence containing the "is éreater than" or "is less than"
phrases or symbols was true or false. The terms (true, false) had no meaning
? - .

»
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for D. Her answer was either a guess or “he repetition of an answer given by
someone else. ;

S

After representing numbers with stick displays, D had trouble deciding what -
she would do to show 1 more, 1l less, 10 more, 10 less, 100 more or 100 less. .She
flnally got to the point where she knew that she must add additional sticks to )
show "more" and take away sticks to show "less" but she frequently had trouble
deciding which sticks to add or take away. Should it be ones, tens, or hundreds?
D never seemed sure and often chose the wrong sticks. For example, when asked to
show 1 more than 53, D added an additional bundle to her display of 53 sticks.

During her final evaluation interview, D's concept of ordering dld not. enabl°
her to determine the number that was 10 more than 137 or 10 less than 253. When
asked, "What number is 10 more than 137?" D's reply was "700." When asked, "What
number is 10 less' than 2532" D s reply was "500." D's concept of ordering left.

- —much--to-be-desireds" - B

I3

A
\

"ADDITION AND SUBTRACTION WITHOUT REGROUPING ’ \g

D had trouble with addition and subtraction probleme without regrouping at
‘the manipuldtive, pictorial, and symbolic levels. .

At the manipulative level, D did not always represent the addends correctly
when working addition problems. Similar difficulties were encountered in repre-
senting the minuend and subtrahend in subtraction problems. On occasions, D would
correctly set up problems but would make fumerous counting errors which led to 1n—
correct answers. . ) ",

When using a form board to work addition problems, D would frequently join
hex tens first. For a long while, D was” dependent on the form board and did not
want to attempt any addition or subtraction problems at the symboli¢ level with-
out it, but eventually developed a bit of confidence and attempted to work with-
out it. Eventually D got to the place that she did not want to use the form
board, especially when the other members of the group were not using theirs, but
she made so many mistakes without it, she was encouraged to return to the use of
the form board.

When wcrking with pictures, D had trouble selecting sequential pictures for
a yiven addition problem and putting them in order to show addition. D would se-
lect pictures based on the total number of tens and not realize that the onss were
incorrect. D also had trouble translating addition picture problems into their
corv¥esponding written symbols. Samples of her translations from pictures to sym-
bols for addition problems appear below:

Picture D's translation

W
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In each of the above samples, D has represented the problems incorrectly
symbolically but her answer seems to, reflect that she had some notion of the
concept of addition in that she used the¢ pictures the determine the total num~
ber of sticks. - - .

v JES— e et R i

Similar difficulties were “encountered by D in: translatlng pictures for
subtraction into written symbels as noted in the following samples of her work.

L4 - -
. - . ; ,
. £ )
/——\ . ; l “ J ;
y
j - »

Unlike addition, the above samplés of D's work do not reflact an under-
standing of the concept of subtraction. This was borne out at the symbclic
only level-in D s response to problems such as: '

& fo )3
"3 2 =
s — T cman—— p———
¢ ' <§y SN 13
In these and other subtraction problems, D simply brought down the minu-
end for the answer instead of subtracting the subtrahend from the minuend.
In working subtraction problems involving two-digit minuends, it was not un-

common for D to subtract the ones and forget to subtract the tens or vice
versa. This was borne out in samples of her work below: '

2% GG 93 &
\j/ -—g}_ 3/ ;
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"D also had trouble trying to dacide where to record her ones and tens in
using the place value chart format for both addition and subtraction problems

as noted below: ) . .
. Y .

-

Picture ' . D's Translation and

Recording

Y 7

Ry

&’1;10\0 N

In thée previous example, D's answer was correct even though she had a faul-
ty algorithm. D had learned to count some picture displays correctly and knew
that the algorithmic answer corresponded to the total value of the stick picture
display. D also had recording problems when, she was not using the place value
chart format. Often times, she would place ones under tens and tens under ones
as illustrated by samples of her work below:

- "
L.

b ?

’ C’ ?‘G (placing tens under ones)
Lo
I3 (placding ones under tens)

v
E

For numbers less than 100, as long as D was given only addition problems
or only subtraction probiems, she eventually learned how to translate the stick
or plcture display into written symbols. Whenever the operations of addition
and subtraction were combined on a single worksheet, D had difficulties distin-
.guishing between addition problems and subtraction problems at both pictoria.

‘ and sgyﬁgiié levels. Even when the operation signs weré written beside the
problem, D still continued to confuse addition and subtraction problems.

D was weak in basic facts and was taught strateéies.to use for finding
needed facts in addition and subtraction problems. As'long as D focused on a
single strateqy, she &id all right; but as socn as she had to switch from an
addition strategy to a subtraction rtrategy, she became thoroughly confused
and made numerous errors.

v

With the-passage of time, D improvedson translating stick displays and pic-
ture problems for addition and subtradction problems involving two- digit numerals
into symbolic Form. However, place value concepts, knowledge of basic facts,
algorithmic and recording problems continued to follow D throughout the T1 teach-
ing experiment. She never knew which stracegies to use for addition or which

~
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. ones ‘to use for sub*raction. . .,
, ;

¢ D wanted to continue the use nf her form board for .addition and subtrac-
N tion problems involving regrouping at the symbolic level because she felt in-
secure without it. Whenever D was encouraged to work without her form board, _
she did so, but her work seemed labor:ous and tedious and numerous errors

were made. i _ : )

In subtraction with regroupinb, D was plagued with "trading" problems

and 'spent a considerable amount of time trying to learn how to deteimine wnen
trading was necessary. Eventually, D understood that she. was. supposed to— —
. ____+ ____trade.whenever-she didn*t" have énough one ones but she did not alwdys apply this

" rule and would frequently subtract the smaller number of ones from the larger

number of ones or add the ones together as indicated by her work below:

-

-Z - —as
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o ADDITION AND SUBTRACTION WITH REGROUPING K ¢

D had numerous difficulties with addition and subtraction problems involv-
- ing regrouping at all three levels--manlpulaelve, plctorlal and symbollc. D
: did not appear to ever completely understand ideas of regrouping and renaming.
- She did not seem to understand that a number could be represented in more than
one‘way. When asked if 12 ones were the same as 1 bundle and 2 sticks, she
replied, "No." D also had trouble answering the question, "Are there less than
. 10 ones?" When the question was rephrased, "Do you have enough to make a bun-
' *d¥e?" she would be more inclined to answer correetly.
Some of D's errors in addition and subtraction involving regrouping at
‘the manipulative level were .due to her inability to count accurately and repre-
sent numbers correctly. D also had difficulty at the iconic level showing ad-
dition problems with sticks based on a given picture display and finding pic-
’ tures corresponding to selected oral statements of an addition problem. D
was never able.to explain the regrouping process without prompting from the
teacher. In fact, she did very little verbalizing unless asked a direct ques-
tion.
“When working at the symbolic level with pictures, D had difficulty with
worksheet problems such as the following:

36 .
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The'lntermediate step'("ones in all"; "tens 1n=all") gave'D,gonSLde'able dlffl- .
culty.' She frequently counted the ten that.. she got as a xesult of .trading tylce, .
that is, once on the "ones.in all" lipe and’ again on the “tens in allmﬂllne. -
Errors in baslc facts continued. to boﬁher D on addltxon and subtractlon problems

with regrouplng. Strategles -for flndlng unknown facts -continued to, be confusrqu

. A
oTre— ] w2
o Tt D. In preparatory . exerCLses involving the concept of "tra@;ng " Q,s responses ~é?$:'kﬂ
A . on many exercises were as follows: - ST A e ey B
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E - e Q _3 - » o ) . e ‘.
o= L) - - " A <, "J" hR » L "E
C S\ e et T o
S . o - - ;‘:,,, " “
£ o D B R
“ - - . s
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: When D attempted to trade, she did not seem to know what she was doing. It was . “yﬂfi
O as- though she thought you'must rename both the tens digit and the ones: dlglt but B ) "iq{
Lo no particular rule was to be employed in the remaining process 2s,- lnalcated by U
I r e k3 * P N
: examples of her work below. P @?mﬁa . ',, w;w”T; R
3 . 5 - " . -

1

25 —3_2_ R

On worksheets involving both addition and subtraction problems; D had diffi- . ‘
culty trying to decide which operation to use and attempted to incorporate both
operations into a 51ngle subtraction problem as illustrated below:

29 5L . (e 7 ST

2 25 " ab —2¢g et
- 3% o3 23 T

! .
~0 . : ~
& —T —= p o e
¢ 29 £S - 83 .
- ot
On written work, D often added or subtracted the ones first whlch ied to other
.. problems when regrouping was 1nvolved
During the final evaluation interview, D was asked to solve three-digit ad- L
. dition and subtraction problems with regrouping. .D not only had difficulties .
representing various numerals with sticks, but countlng, place value concepts,
regrouping, and recordlng problems were again manifested. D was unable to apply
her contept of regrouping to a new situation, that is, the addition and subtrac- S
tion of three-digit numerals with regrouping. ‘ .
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T . TV.7 THE CASE OF f .
e ' Stewant Wood
B gGMPHIML o TESTING INFO’I?M"’ION B
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F was. born September 21, 1968, the youngest of seven ch:.ldren. One broth-

-er’ J.S ‘d year older ,than Fi the other siblings are much older and out of school. o d

"; ‘For: >a period of her l:Lfe, F was passed from aunt to aunt, .she now, l:Lves w:Lth ) X

N -wher gra.ndmother, who has adopted her. ) - . L

M'« o . ” o sna

‘ o F ‘has attended the same school in both fust and second grade and has. ©
S been in the Title I reading program-} both years. In general her communltatlon ~

sk:Llls are not. good; she began second grade in the lowest group, *for<‘every sub-' i

. j"wg Ject except math. She is conscientious. about her work, l:Lkes to be done f:Lrst,
’ A

roaeT

Pl - and..is upset if she’ ‘has~to redo an ass:Lgnment. T - ~
H ‘-\":"::;'ﬁ:‘i" AT s o P 5 - » . . ;
: o + . . ; . - 2 ¢ P
{;:*"*.«a - . % - Fis a‘happy child who likes adult. attentlon. Her classmates regard her -

Do ’ p .as something o# a teacher! s.pet and tend to isolate her from play. groups. ¥ She .-

bl o ‘3:_-:15 "not strongly disliked, howeger, and always has’ someth:Lng to do. F has a .
Pw o creatlve _imagination and a good sense of hu:norﬁ o - . “

e o e g g - > P2 -
- F ".v,-.,- o - .é' . ,% * I :

e Ma._h lS F s best subject. Dur:Lng f:Lrst drade spe rgcelved special daily ¢
sma’ l-group 1nstructlon as. part 6% a PMDC experlmental _group. - This work cen~,

e ' tered on addltlon, subtraction, and" equallty. ,();,,iseemed to thrive in hav:Lng

P . “a spec:.al"— math teacher and cons:Lstently outperformed “&he expectata.ons that .-
ST fesﬁlted from “her Ot:Ls-Lennon ‘IQ of 90 ) L e T s . .
: _:":.’ﬁ"m ,,')." i T 3= S —— T .
P _'0:.{.":::':-:-".';";)“’(; 'In the fall of second grade, F's KeyMath grade equ1valent~ was 1.9. She '
’",,,,‘;—: . was able to do one-digit addition and subtractlon in Both concrete and symbol-

i.;,{"’f: ) ic forms, but not two-digit problems. She could “solve slmple 'sStory" problems

rathe - accompanled by pictures, including a partition=division problem (8—=2= ).

: . . Her commandxof money, time, and measurement skills was at or above grad level.
SR NI LRy i :
i A,*Im May of her~£econd-grade;year~ F again-was given the KeyMath Test, scor~ - :
“lﬂg a qrade equsalent of 2.6. F sboWed*growth 1n countlng skills involving
Lg_ the coqpletlon of a sequence (__, 6, 7, __, 9 or 98, 99*>uu+&101).and in addi-
- tion® ard subtraction skills--she now could do two-digit problems involving re-
wgj:ouplng F showed a marked- improvement in mental computation and numericeal
\\vigfreasonlng, solving such problems as 5+ 5 - 4 + 7 (given ‘orally and solved
T mentally) and " A +9 = 10, Z; - A = [0 ; what number goes.in the box?"
There was little change in her” performance in the practical areas of money and
. measurement, in which she had received little instruction during the year.

On the PMDC test given at the beginning of grade two, F counted by ones
successfully on all tasks except 44 to 25ebapkwards. She could count-by tens
to.100. "F was able to count and to construct sets- of‘straw3~(bundles Rf ten ¢ L

. B and single straws) for two~d1g}t numbersﬁpbut was not able to use colored " “Fw'ren, L
_poker chips {red chlps*for ténsagwﬁite'f S¥#bnes) to do the same tasks. She

"could use“beans, to 1llustrate and solve addition problems (2+ 4, 18 + 5) but E
not 5ubtractlon (7~ 3, 23 = 7)." While she correctly identified 12 as more . ' -

e . * o
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than-8,,shé_aiso identified 7 as less than 4_and 19 as more than 31. :}
%~«—.7 ~ In the spring, F still had a few difficulties with the counting tasks: She

omitted 40 and<30 in-counting from 44 to 25; she needed a prompt to count by tens
5:99_26 to 106. She succeedad on all the place wvalue tasks, using both chips and
e - straws, and she performed additions and subtractions with ease using beans. On
: § - ordering tasks, she erred only in identifying 19 as more than .31.

EEP Y - -

et AN E o

On the ComprehenSive Test‘bf Basic Skills, administered at grade 2 6, F

. scored an’ ‘overall grade equivalent of 2.3, with reading scales in the 18-25 per-
3 _ centile range (2.0), language scales. in the 17-63 percentile range (2.3), and
Cpid 2 'math ‘scales in the 59-86 oercentile range (3.1).

’ rd

- During her year in second grade, F was aSSigned to the group (U2) using

A Dienes blocks. Overall, she responded well to mathematics instruction; she was

. an¥ious £o please, to work quickly and accurately. She particiularly liked “"writ-

- +ing work" .as opposed to orally-directed work with Dienes blocks or with pictures,
pOSSlbly because the "writing worxk" involved a product which she could proudly

R save. She grasped new concepts easily at all levels of presentation - enaccive,

: iconic, and’ symbolic - and had little difficulty verbaliZing or demonstrating”

with blocks the/symbolic processes she learned. She and another child in the

group were. consistently the first to finish individual work and the most active

contributors tg¢ group work, although of these two children, F was the more pa-

tient with slower workers and often would. 'help" them by asking teacher-like

leading questipns. .

PLACE VALUE | T -

From thel beginning, F had no trouble forming or counting displays or pic-
tures represgnting two~digit numbers. If a display had one or two longs and
. . less than fiJe units, she often responded immediately with the “totdl. When she
) needed .to count, she counted by tens and ones (10, 20, 30, 31, 32, . . . , 36)
or .sometimes did the tens immediately and counted on (30, 31, . . . , 36).

" Initially, F made errors in written work of the form
v
. ¢ -~ . . x2-longs and _3.ones R

A o
N Lo rimew

20 tens and _3 ones
_2 and-_3 ones
23

done eitMer from a block display or picture. A discussion of "tens" clarifying
that she could indicate tens either by uSing the wovd or by using a zero (place-
holdar) helped although she continued to make occaSional errors, expecially
with numbers involv1ng 1 ten: .

)
£ . :
g . 10 tens + 0 ones
L - - ¢ n—— —
. « - a
i 10+ 0
AP : = - -
g ot lo v ot -
: ! . ‘ -
- ' A 1
30 RS 'I{ . R > * - . ‘.
: . \ ¥ ‘
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rwwt “given a block, picture, .or written stimulus for any one of the three iines.

. v .

»t

) Of interest is the fact that aften.twgiweeks work, when she was first
asked, "How much is 2 longs and 3 units?" without either blocks or a plcture
present, she couldn't.answer. Thus her oral and written work with manipula-
tives didn't automatically prepare *her for work without a1ds, although she
was a quick learner-in either situation. -

o,
'& A -
3 - .

At her November interview, F was quick to describe a number in three dif-

ferent. ways. {4 tens + 6 ones,” 40 + €, 46) . She chose an abacus (which she

- ... had.not .used before).to represent.23 flipping 20 beads on one rod and 3 on
another. However, in showing 32 on the abacus she flipped 20 beads Msaylng
"20"), flipped another 20 (saying "30") and then flipped 2 more (saying "32“).

Throughout these fix .t weeks of work, F was able easily to éxplain ver- ’
bally ‘or with blocks the meaning of each digit in a two-digit number. Her
1 errors, even in an unfamiliar situation, seemed to .stem from rushing or from
"not thinKing." In most cases she was able to correct an error on her own
when it was brought to her attention.

In the spring of the vear, F easily embraced work with, three-dlglt num-
bers. She readily identified 17 tens as 170 and vice versa. Given a picture
of 125 in one form (1 flat, 2 longs, 5 units), she could describe a different
picgure, of 125 (10 longs, 1 long, 15 units) accurately by parts ("100 . . .
110 . . . and 15 ones makes 125") without counting. When asked to-trade a
display of 1 flat and 2 longs to show 120 another way, she tired of always
trading a.flat for 10 longs and began o do other trades: 1 flat and 20
‘units, or 1 flat 1 long, and 10 units. She had no trouble completing blanks

7 of the form:

17 tens
1 hundred, _7 tens
170

' NS

k'

F could make an accurate block’ display for numbers like 654 and describe
it in terms of hundreds, tens, and ones. She had difficulty describing it as
"65 tens and 4 ones" witlhiout first doing or seeing the trade of 6 flats for
.60 longs: On the other hand, she could count by tens with the blocks (376, .
386, 396, . .~ ), adding a long to the dlsplay w;th each number, and could

bridge the hundreds change (to 406) without actually seeing or doing the trade

to 4 flats. She had considerable difficulty do1ng the same klnd of counting

by tens when working symbollcally N
, 280 209
g I— —
197 27

309 319 320
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in other written work she was quite successful, 1nclud1ng completlng expanded o
numeyrals presented in random order w1thout blocks or p-ctures ( 1 ten and 6 o
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Counting by ones or by hundreds was easier for F, both with blocks and with- )
.out. When using blocks, she would anticipate the next number orally; when wrlt-
ing without blocks, she occasionally bridged correctly into thousands-

»
) ~ s

780 880 980 1080
709 809 909 ‘109

] In her final interview, F displayed three~digit numbers using both blocks
s, and an unfamiliar manipulative (beans). While she had some difficulty with non-
D .-standard forms, she displayed considerable fa0111ty in her thlnklng On one
%;:L task she was shown the numeral "156" and a plcturenof 14 ovals, each represen-

A ¢t1ng.ten, and 16+small squares, each reprgsentlng one. She was asked if the
picture showed the number. This dialogue occurred: -

o

F;, No, ,you don't have enough hundreds.
" Question: But there are lots of tens. Maybe there are enough

(F counts 10 tens and stops)

How many more tens: .
4, 140 - .
How many ones? -

16 o ‘
So? ’

150

But I thought you said 140.

I traded . . . it's okay.

.

.
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ORDERING

: During her work with place value, F had no trouble sorting as many as ele-
. venipictures to show counting, with one exception. When asked to order pictures
i representing the numbers 40 to 50, she quickly placed 41 through 49 in order by

i counting the units in each picture. She then placed_ the pictures for 40 and 50
to one side and said she didn't know where they went. Only after rote counting
L from 48 to 52 and from 36 to 42 did she ‘realize where to place the ends of the
[ e decade. a .
o , ~ )

In November, prior to receiving specific instruction on the concepts of
more and less, F was shown the numeral 20 and asked what number is ten more.
She answered, "30, because this number (20) comes before this number (30)."

She did similar tasks using beans. Thus her concept of more was already well-
formed. ’

F began work with order relations by making or observing block displays for
two two-digit numbers and then making an oral statement of comparison. From the
beginning she “was equally facile in making sentences using "is greater (more)

* _ than" and "is less than." When asked to correct a given false statement, F used
% . a variety of methods: She exchanged the numbers (17.< 71 to ¢orrect 71 >17);
. . she changed one number (62 < 64 to correct 62 < 26); and she changed the re-

- 7
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lation (23;( 43 to correct 23 > 43). When asked to complete a sentence like
"23 is greater than . . . " by showing blocks for the missing number, F mis-
chievously used ext¥reme numbers--including zero and 100. -

After the symbols "< " and " > " were introduced, F wrote sentences
using " < " whenever possible. She made few errors in using either symbol.
In an interview several weeks later F was accurate in identifying the greater
or lesser of two numbers and gave articulate reasons; however, she used " >
to mean "is less than" and " < " to mean "is greater than." .

) In working with three~digit numbers late in the year F relied heavily on

block displays, although she rarely needed to actually count the blocks to
know the new total. For ‘example, with a display of 87 she was asked what num-
ber is 20 more; she added 2 longs- to the blocks, said "107," and traded the
longs for a flat. For 10 more than 491 she recognized immediately that a
trade would be possible and simply replaced the 9 longs with another flat,
saying "501." Slmllarlv, £6F problems like "2 less thgh 371" she was usually
the first child to see that a trade was necessary; she worked quickly and com-
petently.

At her final interview F was asked two oral Juestions of this type with-
out any symbolic, picture, or manipulative cues. She responded easily.
ADDITION AND SUBTRACTION WITHOUT. REGROUPING i

when F first began writing addition problems in vertical form, her column
alignment was very poor. If she worked a problem like 60 + 3 with blocks,
from pictures, or orally, she recorded the sum after orserving the display,
picture, or saying the answer. Thus columns didn't matter: -

[ O
+ 5
i 5

{

However, even after her column allgnment improved, she had trouble with prob-
lems done without blocks or plctures

+ 30 t 2O
When asked to read such problems aloud, F- immediately recognized her errors
and corrected them.

F's command of basic facts was good; when in doubt she added on her fin-
gers quickly or, if blocks or a picture were handy, did a rapid visual count
of the total. Whén the addition form board was introduced, F displayed tie

32
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two addends easily. Often she announced the sum immediately, then combiﬁed the
units and the longs. After two days she rebelled against the formality of the

- addition board, saying "I hate this . . . I don't need it."

,F was the first child in the group to verbalize that "it doesn't matter”
whether you add the ones first or the tens. In her own work she was flexible,
although she usually recorded the ones first. She had no difficulty at all solv-
ing symbolic problems without blocks or pictures, explaining (for 45 + 23), "I

_ added the ones and I added the tens . . . 5+ 3 is 8 and.4 + 2 is 6."

F mastered subtraction with similar ease. She used her fingers more often
for basic facts and was less resistant to using blocks and the subtraction form
board in her first tasks. When blocks or pictures accompanied worksheets with
both addition and subtraction problems, F had no trouble distinguishing; when
they were not present, she occasionally confused strategies:

56

t a3
73

At her February interview F worked a variety of addition and subtraction
problems. She worked quickly, using her fingers rather often. She recognized
addition and subtraction problem situations which were described orally ("This
bank has 32¢; this bank has 6¢ . . . ") and solved the problems that were posed
in her head ("30 . . . 2 . . .6 . . . 38"). She was able to find and correct
errors in given written problems.

¢

ADDITION AND SUBTRACTION WITH REGROUPING

Atpthe February interview, F anticipated work with regrouping. Given the
problem 27 + 35, she counted 5 + 7 with her fingers and said "It can't be 12."
Then' she wrote :2 ﬁ7

T35
512 L

and reached for the blocks. She counted 5, 7, then 12 units, counted 10 of the
12 and said, "This makes a long; that!s 60 . . . 62." This occurred prior to
any instruction on regrouping. On the subtracticn problem 53 - 24 she was not
able to break through, even with considerable prompting.

As she began formal instruction in regrouping skills, F worked confidently.
With blocks she did not count the total after a trade for "more ones" (e.g., 3
longs, 5 units traded to 2 longs, 15 units) but knew that total was still the
same (35). On the other hand, in a sequence of pictures depicting ‘the same
trade, she often did need to count ("10, 20, 2i, 22, . . . , 35") especially

34
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when asked how many units thére were (15). Eventually she latched onto the
pattern of "10 more! and could say without counting that the units had gone
from 5 to 15. *

N

In aading two~-digit numbers, F at first counted the ones~in-all, partic-
ularly for sums greater than 13. She used a quick visual count or mental
arithmetic for the tens-in-all and’ found the final total mentally (e.g., for
45 + 38: "8 .. .9,10, 11, 12,13 . . .70 . . , 83"). As che prégressed
into written work, she did more and more mentally, using her fingers as need- ¢
" ed and ignoring the blocks. She continued to use the long form, consistently
combining the ones first:

L7

. A
' I3
20
33

Even when she had to write the problem from a picture, worked mentally as soon .
_as’' she had recorded the addends (rather than from the picture), ohca51onally "
making a fact error: 2 :

. T <0 e | {>é?
E‘g% 208 t.C
2 B R OB\ ©° /7
S %% ' el
E 2kt
22 &)
F was the first child in the group to suggest trading in ordér to work :

the subtraction 45 - 37, At first she sometimes misjudged when a trade was
required (Pictures»accompanied thesé-problgms):

S N o -
© —ag -23

& /3

One day she‘announced that she could tell when to trade "from the ones . . .
if it's bigger here (subtrahend)"; however, the next day she traded on every
problem, ignoring what she had written for the trade if she discovered she

didn't need it:
B R
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On her last day of classwork with subtraction, she did a series of problems

this way:

; g 1\5)3‘\1
; s - &
e

”~

~

k22

" When asked to explain one of them, she said "Oops . . . it should be 13." 1In
the interview that followed in April, she worked this problem and explained:

4,

F:
' away 3 tens from 7.
not supposed to be there.

(F separates out the 1)
Q:,A What about the 4 (in 14)?
F? I took one 'away from the 5.

(F thinks a minute, scratches out the 6 and writes 4):

.

The 4 . . . I took away 4 from the 8.
How did you get the 1?

From the 4.

Would you read the problem?

75 take away 38 equals 14.

1s that okay?

Yes.

o es o TOREYS

M0 70 g0

.

-

I had to take away from the 7 to get 4 so I could subtract: I took
That's (the 4 in 14) for the 4 , .

. the 1's

iy o

3§
&S

In the same interview F worked 54 - 37 with blocks accurately except that

she removed 10 units rather than 7 for the subtrahend.

curately with beans (cups of 10 and single beans).
ing problem was correct:

: | 13

— R,

She worked 32 - 8 ac-
She was asked if the fcllow-
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43 take away 26 . . . (works on fingers) . . . equals 23.
Is it right?
Yes, 'cause 6 take away 3 . . . no, you have to trade. .
What should be the answer? . T
33
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F had n& trouble at all with addition in this interview: using manipu-
latives, explaining, findihg errors. Her gross ‘confusion about subtraction
is puzzling. She seems not to have observed the parallels between block .
manipulations for subtraction with régrouping-and the symbolic, notation, in
spite of several weeks experience with trading activities and the subtraction

process. She is not disturbed by bizarre symbolic results, and these examples

- suggest that she manipulates symbols without mmch thought to the numbers and .
qualities they represent. The written subtraction algorithm involves many
more steps, as well as strategy decisions, than does the long-form addition
algorlthm~—apparently I could not cope.

<
s

In the final interview F solved several three-dlglt addition probl
requlrlng regrouping using manlpulatlves and one problem w1thout aids:

Y20 S
T LD
, §r—7———7~
B 109 | %
After several -prompts from the interviewer, F was able to correct the sum to

608. With subtraction she also succeeded when manipulatives were provided,

making trades accurately as necessary. On the problem without aids she be-
came confused and finally gave an incorrect oral answer..

-
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V. THE CASE OF G
BY
STEWART WO0D

3

BIOGRAPHICAL AND TESTING INFORMATTON -

G was born July 9, 1968, the sixth of seven children ranging in age g
from 20 to 2. His three next older siblings are brothers, ages.9, 1ll, and
13. He lives with his mother and stepfather, both of whom are employed -
full time.

G is a’very private child; he holds back and is uncomfortablé about

. being touched. He likes to work aldne, at a desk by himself ‘rather than

=~ at a 'group “table. He does not contribute to class, w1ll not answer
questions, and does not like to be 51ngled out -~ even for pralse. He

" reads 511ently and falters +shen asked to read out loud. G is a.consen~
tious worker, neat to the point-of perfection. ‘

Socially, G is fairly well-adjusted. ' His friends are mostly children
who are "behavior problems," but he himself avoids the tangles and scraps
they get involved in. He is a good athlete. Although he obviously has
frlends, he sometimes prefers to stay inside (alone) and draw during break.

Drawing is a consuming pastime for G. His drawings are elaborate ana
. detailed. He does them not for an audience or for praise, but to please
himself; they are a part of his private world. G has struck his teachers
as a fairly bright child who is reluctant to learn; he sometimes seems
hostlle, he often is so quiet and w1thdrawn that it is difficult to know
where his thoughts are. .

G's test scores reveal below-average competencies. His Otis-Lennon
IQ is 88. On the Comprehensive Test of Basic Skills administered at grade
1.6, he scored an overall grade equivalent of 0.7, with reading scales in
the 1-& percentile range (0.2), language scales in the 16-33 percentile
range (0.9), and math scales in the 4-25 percentile range (0.6). On the
same test administered at grade 2.6, his overall grade equivalent was 1.8,
with a narrower band of percentile ranges (12-26) and grade equivalents of
1.9 for reading, 1.8 for language, and 2.0 for math.

G took the KeyMath Diagnostic Profile in September of secund grade and
scored a grade equivalent of 1.6. He was unable to fill in blanks in
counting patterns (___,5,7,__ ,9). He could do simple one-digit addition
and subtraction problems given orally, symbolically, or in verbal problems
with pictures, but he was unakle to do any problems involving two-digit
numbers. ' Although he could not tell time, his command of other measurement
topics was generally above grade level. His PMDC fall test results confirm-
ed many of these abilities. While % could count from € to 15, he could not
count from 35 to 46. He could count backwards from &€ to 1, but nct from 44.
With prompting, he could count by tens from 10 to 90 and from 26 to 96. He
was unable to display or interpret a display of straws or poker chips rep- .
resenting two-digit numbers like 60 or 37. On the other hand, using beans
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he successfully solved problemg-like 18 + 5 and 23 - 7 He?§aentified
4 as less than 7, 12 as more than 8, but’he failed to order 2, 3, 5,
and 9 from smallest to largest.’

<

In the spring of second grade, C took both tests aggin. His KeyMath
grade equivalent was 24. On this test he showed his greatest gains in-.
counting skills, symbolic recognition, éddltlon, subtraction, money and
time skills. He solved two-digit -addition “and subtraction problems w1th
regrouping. His success with verbal problems accompanled by plctures
remained high. There was little improvement in his ability to do mental

- arithmetic. On the PﬁDC‘test G counted by ones forwards and backwards and
counted by tens from 10 to 130 and from 26 to 106. He succeeded on all ~
thp place value tasks, using both poker chips and straws in, representations

% of two-digit numbers. He was still able to use’ beans to solVe addition

and subtraction problems, and he answered all questions on orderlng nun-
bers correctly.: _.
7 -

Thus on the PMDC spring test, G showed mastery of all the topics
in whlch he had received instruction during the year. At the same time,
he could not answer questions on topics outside the areas of instruction
(e.g., missing addend problems), except in the specific topics of coin
money and telling time.

-~

‘During;-the year G was assigned to the group (U2)'u51n” Dlenes blocks.
While at first he was happy to use the blocks in his work, hé“came after a
couple of months to regard them as unnecessary and @ bother. He became
quite proud of hlS ablll*y to do problems "in his head" (without blocks),
although he could occasionally be found using che blocks, hidden behind his
work folder. Several incidents during the year ‘suggested that he used
mental images of block manipulations in his work. G worked carefully and
accurately. He would struggle with a hard problem until he had it figured
out, rarely asking for help, but accepting help easily. He spent much of
hlS free time, and some that was not free, arranging his Dienes blocks in
a c1gar box - packing them tightly in layers, building conflgurat ons
of horlzontal and slanting planes.

PLACE VALUE

Wwhen G first worked with Diene§ blocks in representing numbers like
14, he was very methodical in trading a long for 10 units. He would
carefully place ten units in a line next to the long, so that they looked
just like the long, and then remove the long. Very soon he used longs and
units to represent all numbers, even when asked to use only units. In
counting displays and pictures, G counted by tens and ones ("10,20,21,22");
he stumbled at first over the order of 11,12, and 13. -

While G could correctly describe how many tens and ones were in a
number presented with blocks, pictures, or symbolically, he occasionally
reversed digits in writing numerals (96 for 69) or expanded numerals
(14 _4 tens and _1 one). This happened especially when tens, 10-90,
were introduced; wrltlng the zero was an afterthought, often placed on the
wrong .side of the tens digit.
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G'was slow in mastering the vdcabulary "tens, ones, longs, units." He

. 'was. reluctant to read words out loud and recognized .them by their flrst letters.

Only after several weeks did he become fluent. On the other hand, he had -
almost no trouble with exercises of the form.

L longs énd 9 ones
Q., tens and C; ones :

i l@ and 9) ones

27

when accompanied by blocks ox pictdres.

* Later in the fall, when-asked to name numbers like 67 in "another way",
G‘éhOWed'a preference for the form "6 tens plus 7 ones". This was in con-
trast to the two slower students in the group, who preferred "60 + 7"
(probably because it sounded more like "67", and to the two top students, who
showed no preference. G was very proud of skills and insights he had gained.

One place value worksheet gave G particular trouble. He was given the
‘numeral and a picture representation for a number like 27. In some problems,
either the longs or the units in the picture were ciréled, and G was asked to
circle the corresponding digit and write the value of the circled blocks. In
other problems, one of the digits was circled, and G was asked to circle the
corresponding blocks and write their value. He erred on about half the exercises:

VA

In his November interview, G chose to use an abacus to represent 23
(flipping 20 beads on one rod and 3 on the other) and unifix cubes in rods of
ten and singly to represent 32 (he chose 3 rods and 2 single cubes, without
verifying that tae rods actually had ten cubes}).

In May, G studied three-digit numbers. He quickly made associations
between the forms "17 tens" and "170". Initially, ‘e had trouble with 20 tens,
saying or writing 120 rather than 200. This cleared up when he worked with
pictures of 100, 110, . . ., 190, 200 in order. When the form "1 hundred,

7 tens" was introduced, he had no trouble associating it with 170; however,
when it was accompanied by a picture of a flat and longs he was no longer able
to identify how many tens in all, filling in worksheet blanks with "170 tens".

As his experience expanded to numbers of less than 1000, G's skills became
quite sharp. In counting by ones, tens, or hundreds with blocks, G could bridge
hundreds ("386, 396, 406, etc.") without having to see or do the trade involved.
Sometimes he had the longs carefully aligned so that they "became" a flat with-
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out trading. Soon he was able to write a counting sequence several steps ahead
of a block or picture display.

+  In counting kackwards by tens he used his finger to cover up a row or
two of blocks in a flat rather than trade the flat for longs. At'no time,
did he bridge into thousands correctly. - o

In his final interview, G demonstrated an 1ncompl°te command of- three-
digit Dlace value. Shown this place value chart

s hundreds tens I ones

2 13 4

the following occurred:

G Tread%ng): Two hundred ... two hundred thirty-£four )
(G is asked to show with blocks, and he displ: s 2 flats, 3 longs, and 4

ones.

When his attention is called to the 13, he changes the display to 13 longs)

Q: How many is this? ~

G: 2 hundred, 13 tens, 4 ones.

Q: Can you change it to make more hundreds?

(G trades 10 longs for a flat) :

Q: How many does it show?

G: 334
(Interviewer trades the flat for 10 longs again)
Q: How-'many do I have now? e

G: 2 hundred, 13 tens, 4 ones.
Q: Altogether?
1234 - -

ORDERING

puring his work with place value, G had little difficulty sorting as
many as eleven pictures to show c~unting (40 to 50 or 100 to 200 by tens).
In November, prior to receiving specific instruction regarding the concepts
of more and less (but after considerable place value work), he was able to
show ten more than 28 peans by adding a cup of ten beans to the display and
identify it as 38. Without manipulatives, however, he was unable to say what
number is ten more than 20 and said that 34 is one more than 32.

G began work with order relations by making or observing block displays
for two-digit numbers and then making oral statement of comparison. At first,
his statements were all of the form "4l is greater (or more) than.27." Soon
he used "less" with.equal facility. By the third day he stopped using blocks
altogether, working eit.ier from pictures or numerals. He made few errors,
even identifying oral statements as true or false accurately. When asked to
correct a false statement, he retained the position of the numbers and
changed the relation appropriately.
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The symbols "<" and ">" were introduced with a story about an alli-
gator who iikes to eat "big numbegs." G used the symbols accurately, draw-
ing a set of teeth for several days (23€43). Often he wrote sentences
(correctly) using only the greater than symbol, regardless of the left/right

. orientation of the display or pictures.

«

In a February interview. (about 8 weeks after this work), he correctly
identified the greater or lesser of tWo numbers and gave coherent reasons
("27 has only 2 tens, but this (41) has 4"). However, he made no attempt
use the symbols when asked to.

In May he showed great facility with three-digit ndﬁbers, Hav;ng only
a'block.display or picture for a number, he was able to name the number
20 more, 20 1?55/ 1C0 more, or 100 less without first changing the display.
Ee was adept at bridging hundreds: From a picture of 87 he said 20 more was
'107; frok a display of 491, he said 10 more was 501.

All of\his work with more and less in May was done with either a block
display or picture for the first number. In the final interview the follow-
ing oral dialogue took place without cues: - .

What number is ten more than 1372 “
187

Why is 18\ ten more than 13772

No response .

What is ten more than 377

e se  ee

0 a1 0 OO

. se  se

317

\
I want to know what number is ten more than 137.
I do nnt know.

- ‘ G:
It is evident that G depended on cues from the symbols (numerals), pictures,
or manipulatives to do such problems, for without them he was lost.

ADDITION AND SUBTRACTION WITHOUT REGROUPING

As did the other children in theugroup, G had trouble placing one-digit
addends correctly- in.vertical form: [ O

: +_1
17
He improved rapidly, however, and made few errors in sums whether working
from blocks, pictures, or symbolically.

ithen the form board was introduced for adding two two-digit numbers,
G displayed addends accurately and gave the total after combining units and
- longs, usually from a visual count of the manipulatives. Gradually he
shifted to a mental sum, but when pictures were introduced, he returned to

counting. This was apparent in the type of errors he made:
Q
i | M~ -
, | ° e b/
42 U <




Agaxn ‘he gradually shlfted to mental computatlon. He sometimes added the |
.tens first and often omitted the zero in the tens partxal.sum oo J
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As might be expected, he Shlftég a511y to the short form for addition. He ;
became very proud of his, ablllty,to work problems w1thout the: form-board or s
blocks and made Very few.errors. He explained problems. clearly, for T N
"42 +- 36 he. $a1d, "40 + 30 is 70 2+ 6 is 8 . . 42gand “36 is 78." ‘

In a dxscu551on of ways to read subtractlon prob‘ ("4 take away 3,"

"4 minus 3," "4 subtract-3"). became’%ery excited ~hen he found another

way: "3 minus 4 . . . Oh . -7 :It doesn't work." He -easily used basic facts

~(6-4) to solve related. problems mentally (60-40) and, even when working at a .
P ; completely symbolic level did not confuse addition with subtraction. -

N ey ¥

Tp fher

W NS g

When working subtraction problems with blocks, G made no errors,
osually counting the remainder. At first with pictures he made some unusual

These seemed to stem from miscounting or misinterpreting the pictures. As

. with ajdition he gradually shifted from counting the difference to sub~- e
tracting mentally, and when he reached totally sxgbollc problems, he had no /
need (or desire) to use blocks.

—g}

In an interview in February G worked rapidly and accurately, explaining
simply that he "added up the tens" or "took away ithe units." He illustrated
proplems with blocks accurately, and he recognized and solved orally presented
addition and subtraction stories. He was able to find and correct errors in )
misworked problems. When he was asked to use cups of ten beans and single to o
illustrae addition and subtraction problems, he used only the single beans,
assigning them values cf ten or one according to position.

ADDITION AND SUBTRACTION WITH REGROUPING
. : |
G used a varietv of strategies in .learning._basic facts, sums 11 to 18. If

the secord addend was 7, 8, or 9, he mentally added ten and subtracted 3, 2,
. or 1, respectively (5+ 9 . . .15-1 . . .14). For addends of 4 or less he
added on, saying the numbers to himself (7 + 4 . . .(7), 8, 9, 10, 11).
Addends of 5 or 6 gave him considerable trouble; he became lost when he tried
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to add on, and he did not know what to subtract AR using the first method. ‘
~Hewwas~:eluctant to use hlS fingers in addlng on (to keep track of how much-
he had‘adaed)‘ and~eveutually he resolved the.. ptoblem when he reallzed that
~=+he could commite the addends (8 + 6 . . .6 +8 . . }l6 -2 ... 14). )
At.the February interview, G was asked to solve 27 +35. He added the
tens mentéllyvand wrote. 5. He counted out 7 and 5 units, then the total,
-, i "dnd-wrote 2 ipn the ones cq}umn (tctal- 52) . The interviewer asked him to
% showiendwhol 8¥pEéblemiiith Blocks, ‘which he didl He cofibined the longs,
then the units, and counted&"SO, 51, -. .59, (pause} . . ., 60, BB 2:Y
On a subtrhction problem requiring trading (53 - 24) he wrote 3@and could
not resolve the difficulty of "3 ‘take away 4" with- blocks=x '

o’

The first formal instruction about regrouplng'fﬁvolved trading acti-
vities. When G traded for more ones (2 longs, - its to 1 long, 12 units),
_he usually had to-count to tell:the total:afler the trade, but he counted
the, ten units all at once: "10, ZOLpZ “’44." With pictures he used the .
"ten more" pattern to tell i i ones there would be after
a trade. ‘

» In adding two two-digit numbers requiring regrouping, G was éuick to
" tire of-the blocks. He did three problems with the blocks on the form board,
following- the procedure carefully, and then refused to do any more. When
_the problems were presented in pictures, he refused to make block displays
" to solve them; instead he counted the total from the picture, counting the
regrouped ones as-ten (45 +38: 10, 20, . . .70, 80, 81, 82, 83). At the
symbollc level he used pictures when they were present, counting the ones-

in-all ("10, 11, 12 13") and the tens-in-all from the picture: -
(= L2
T
i ao/o . -—
‘\ ﬁ;-n { 3
(=] N a-s.—/-}'—

As he had done earlier in the year, he gradually shifted to‘é%rklng the

problems mentally, so that by the time ,the pictures were removed he had no

need of either them or the blocks.

The sequence was much the same for subtraction. In dorking with blocks

he often forgot to remnve the long that he was trading for 10 units.
After compieting a subtraction problem on the form board with blocks, he
had great difficulty recapitulating the problem: He would forget the -

rlglnal minuend and confuse the subtrahend with the difference. Problems
presentedin pictorial form were much easier for G to describe, and when
blocks or pictures were coupled with the symbolic algoritnm, G became very
confident of the process. He soon refused to use the form board, although
he used blocks surreptltlously to help himself with trades and some sub-
traction faots. He explained his work ‘with few words:

-

. ’ 4-?5& iSL]‘—
. 3 . _ E?v<§>
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G:

"I traded. 12 take away 8 is 4."

He was less careful to distinguish between addition and subtraction,
especially when the only cue was the operation sign. Hcocwever, he began

to use a short form for addition with regrouping, doing the entlre problem
mentally recording only the answer:

win %‘ /\]

A ’5% p

I put the 6 down here and I put the ten up here (901nt1ng to the.
Then 4 and 2 more and 1 more makes 7.

G:

2

4).

-

At his April interview, G worked problems u=iRfg both blocks and beans
He exhibited competence and confidence, doing most of the~calculating
mentally. i i

His explanations were clear and Seemed to be based in his Qork
with manipulatives: {
| X 5.
—3&
G:

I didn't have enough ones to get the 8 out, so I took a ten and
got ten ones. Then I crossed out and put the 15 there (pointing) and the
6 there.

EN

At his final interview G transferred his skills witl two-digit addi-
tion and subtragtion to three~digit problems that required regrouping.
Pad not faced such problems before.

He
|several problems successfully.

Using both blocks and beans he solved

He also worked a subtraction problem without
aids: i 13
| x ¥y
| , A
I \ é‘/’
G:

I had to trade.

I traded ‘that for 10 tens .
hundred for 10 tens.

I traded one

.
L]

X
Of all the children in the Dienes block group, G seemed to benefit
_most from the progression from blocks to pictures to symbolic work. He
“used the blocks carefully when first learning a new concept, but also very
proud of niot needing them once he understcod the process.
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.« VI THE CASE OF H

. by
Stewart Wood

BIOGRAPHICAL AND TESTING INFORMATION

H was born'Decémber'8,‘1968'gnd is an only child. His parents are’
sepafated. H lives with his mother, who is completing-her undergraduate
q§gre%;at a nearby university. >

o

Aot
i

.

= ‘jv’v;\v::.fu’q
o

¥r H attended kindergarten and was in the Title I program in first grade.
As a December baby he is one of the youngest children in his class. He began
reading at the end of first grade and throughout second grade has used free
time in class to read. - -

T H likes to do things, actively, and not be judged right or wrong é;

57 the work he does. He constantly talks to himself, working“out loud. If .
;e interrupted and told he is doing something incorrectly, he reacts: "All

;}' .. . right! I know, I know!" erases what he has done ané starts all over,

_ usually incorrectly. In class work he often tunes out oral directions,

then begins working by doing what he thinks is right. ‘when, reading, he
. % skips words he does not know or makes up words in their place. He thinks
! of himself as both independent and competent, finding it difficult to accept
guidance from a teacher or from peers. On.most tasks he works rapidly and is
: - among the first to finish..

He is a iloner--a sociogram of his second grade class showed no mutual

’

< o friendships: one child named H as a friend, and H named only one (different)
p child as his friend. He is TV oriented. He was absorbed by Electric

. ‘Company during the Title I program, and his conversation is noticeably more

i filled with references to TV chows than that of his peers. .

H's test scores reveal below-average competencies. His Otis-Lennon
~ IQ is-86. On the Comprehensive Test of Basic Skills administered at grade
: 1.6, he scored an overall grade equivalent of 0.9, with reading scales in
> the 25-45 percentile range (1.6), language scales in the 8--25 percentile
. raige (0.2), and math scales in the 1-5 percentile range (0.1). When the
" test was administered at grade 2.6, H showed well over a year's growth in
: his weakest areas. He scored an overall grade equivalent of 2.4, with
; reading scales in the 36-41 percentile range (2.4), language scales in the
- 31-75 percentile range (2.6), and math scales in the 14-17 percentile range
+(1.8). Overall, although his I¢ is low, H shows a capacity to learn and a

potential for average at-grade~level performance.

- KeyMath, administered at grade 2.0, yielded a grade equivalent of 0.5
and showa2d some familiarity with concrete and oral addition and subtraction,
coin money,  and an inch ruler. H was unable to complete any written

. problems (like 1 + 3). On the PMDC fall second grade test, H was able to
count,animals in a set and to count back from 6 to 1 without prompting. He
was able to count from 6 to 15 by ones and £rom 10 to 100 by tens with
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Aruitoxt provided by Eic:

‘and poker chips to represent two-digi* numbers, H failed to display or

prompting. He showed no understandfhg of two~digit place value. He was able .
to demonstrate and solve 2 + 4 =[] using beans, but not 7.- 4 =[] .

In May of second grade, H was given each of these tests again. His
Key Math grade equivalent at this time was 1.5. H showed some improvene .t
in his recognition of symbols (+, -, =), his counting skills, and his famil-
iarity with coins and telling time. His lack of success with oral problems
(3 +02 = [j) and “"story" problems was little changed. He was able to do
written addition and subtraction problems only if they did not involve
regrouping. On the PMDC .test H was able to count by ones forward and back-
ward with only occasional prompting. With prompting he cduld count by teuns
from 10 to 100 and from 26 to 96. In a series of questions using straws

interpret correctly displays for 60, 50, 37, 45, " and similar numbers. Using
beans, H was again able to demonstrate and solve 2 + 4 =[] or harder prob- .
lems. At the time of this spring testing, H was able to identify which of
two numbers was more, but not which of two numbexs was less. Particularly’
on the place value, addition, and subtraction tasks in these twolyéft, H's
performance fell short of his work earlier in the year, both in individual
interviews. and in classwork.

» ! B

As a second grade student in the Tl teaching experiment, H was assigned
to the group using Dienes blocks. Among the six children in this group,
he was most verbal and the most restless. rHe was usually the last to master
a new concept -and often coul’ not handle at a symbolic level concepts or
procedures he had apparently mastered at a manlpulatlve-verbal level. At
the same time, there were many instances of "his verbal—manlpulatlve work
consisting of rote mlm}cklng of teacher-demonstrated procedures and statements.

. _ : ‘
PLACE VALUE

One of the first characteristics ¥ showed in working with Dienes blocks
was his apparent command of isolated facts coupled with his inability to use .
these facts in answering questions about blocks. For example, even though he
could make the verbal statement that "10 and 10 is 20" and could identify
a long as having 10 units, he resorted to counting the“u§it marks by ones to
find -how many units there are in two longs. Sometimes confusion seemed to
Yay in the words "ten" and "long"; "long" was the name of a stick that had
ten units but "ten had no concrete refereut' ’

(w1th 2 longs and 5 units dlsplayed)
Question: How many tens are shown?

H: 20 N
Q: How many longs are there? ” C
H: 2 . :

in determining how many blocks together in a mixed display of pictures
of longs and units, H went through three stages of response. At first, he
counted the unit marks of the longs plus the additional units all by ones.

This method led to errors due to the inaccuracy of his pointing and mistakes
\ N

\ o :
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s« his counting. After about a week he began to count the longs by tens,
but could not. shift from tens to ones appropriately (for example, counting 3
longs and 2 units as "10, 20, 30, 40, 50"). This stage lasted several weeks

tad included work with numbers 1l to" 20, tens 10 to 90, and random numbers

to 99. When asked to display a numkcr during this period, he would often

not distinguish between longs and nits (for 38 he showed 1l longs). Toward
the end of this/stage, as_he b#gan to distinguish more consistently between
longs and units, he still made counting errors (for a picture of 52 he counted
"10, 20, 30, 40, .50, 21, 22"). (In the final stage, H counted longs and units
separately, then combined his results (for 82, he counted 10, 20, 30, . . .,
80, 1, 2, 82). H deveoloped this approach after extensive work with place
value charts, counting displays and ordering pictureg in specific decades
(e.g., 80 - 90), and worksheet exercises such as:

_ﬁf;_ tens + __;;: ones
¥+ 2
Y2 -

Even in this stage, however, 4 continued to confuse tens and ones; for
example, when asked to show 37 with blocks he made a correct display, but
said that there were 7 tens and 8 ones in his display.

in written work, H was' largely dependent on rote patterns. If klanks
were arranged in an orderad patcern he had little trouble, but with random
. arrangement he wrote:

I _;5_ tens 50

“ 2 tens 70

90 /C) tens

(:O 6 tens

e —

60 4 Otens

This worksheet had no pictures, so H had no cues other than patterr and tne%
word "tens." 1In writing expanded numerals H was able to use some patterns but

not others:

"3 tens ¥ S ones" is written on the board, H makes a correct block
display and writes:
q\! tens + 5 ones
3+ 9

35
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H had more difficulty in tasks involving partitioning a number into tens and
ones than vice versa. He could say that 1 ten and 3 ones makes "13 alto-
gether," but could not say that 13 is made up of "1 ten and 3 ones."

. . Throughout his work there were some things vaich H did with little
e difficulty. wWhen asked to write 2-digit numerals in a place value chart
(oral gquestion, no block display), he could do so without reversing digits.
Thus from an oral stimulus he distinguished between, say, 14 and 41. When
asked which blocks showéd "the tens" or which blocks showed "50", he respond- =
ed correctly. In general, he performed well in tasks where he was not depen-
dent on his «wn counting skills and had only & simple matching or choice .
to make. : i

In the November interview at the end of this work with »lace value, H
showed no ability to respond to questions not phrased exactly as the
instructional tasks had been and no ability to offer explanations for the
responses he could make. He could not say that the 5 in 53 means "5 tens.”
When given cups containing ten pieces of candy plus some individual pieces,
he represented 27 with a pile of 2 pieces and a pile of 7 pieces. (When
asked to show "one more" he made piles of 2 and 8 pieces and said there
were 82 in all.)

H would seem that his first work with olocks, in which he persisted
. in counting the units in longs (often inaccurately) indicated his non-
readiness for place value work. He learned later that 5 longs was 50 from
an oral-rcte pattern, not apparently from a belief that 5 longs contained 50 \
units "glued together for convenience." Obserwving H at work without manipu-
" latives could be quite misleading: He could write 2-digit numbers from
dictation; he could answer specifically phrased questicns ("How many tens in
£3?" but not "what does the 5 in 53 mean?").

One wonders exactly where H stood with respect £0 number conservation.
In counting blocks he often recounted each time in answering a series of
questions, even though in theory he had the information available from
T previous counts. Yet at other times he mcved and mixed blocks easily,
without disturbing his sense of how many were displayed. Did his early
preference for counting individual unit marks in longs stem from a mistrust
- of how many units there were \understandable, given his inaccuracy) or
simply from his associating the question "How many altogether?" with counting
by ones, because he did not know how to count any other way? ’

In May, ¥ worked with 3-digit numerals. He immediately picked up (by
- rote) that 100 is "10 tens," but during the month he made such trades as a
flat for 13 longs, 10 longs for 10 units, a flat for 4 longs. For the first
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two weeks, he counted displays of longs only as "10, 20, 30 . . .," even

_in response to the questions "How many longs are there?" Having counted a )

. display of 15 tens ("1, 2, 3 . . .15") he could not say there were 150 in all &
without counting again ("10, 20 . . ., 150"). By the sécond week of work he J7 3ﬁé{f¢&¥
could say that 15 tens is "150 in all," but even at the firal interview he ﬁéfxi .
could not sa§\that'150 contains 15 tens. H

s N
In written\WGrk H again relied on rote patterns. Questions involving
expanded numerals were always accompanied by block displays or pictures; still

H had great difficulty:

[QQrens LS_ tens /30 tens -

|  hundred, ) tens |/ hundred, 5 tens _/ hundred, 3 tens
\
e 105 ‘ QI3 N
: - |
. : il
: - In the last two weeks of work, H was able to make correct block dis- ‘.

plays using flats, longs, and units for random 3-digit numbers from either

an oral or a written stimulus. He could say that the 6 ir 654 means "6

hundred." Yet he was cavalier about position, writing 651 for 561, 805 for

508. Zeroes were particularly troublesome: i

hundreds | tens i ones

_100¢ .

ou loe) O L__{

H never developed a sense of numerousness for large numbers nor became
comfortable with the sound of number names. With 6 flats in front of him he ~.-
was asked how many units would be a fair trade; he replied "116 . . .no
160 . . .T mean 60." He was completely stymied by non-standard displays
such as 2 flats, 13 longs, and 4 ones. He could neither count the:display
nor trade 10 longs for a flat to make a standard display. He could count by
ones, tens, or hundreds from a number like 487 only by making a block display
for the number, adding a unit, long, or flat and counting the new total--all
under considerable guidance.

ORDERING

Several times during the fall H was asked to put cen or eleven pictures
in order to show counting. These were more pictures than he could cope with:
he chose a picture at random, counted it (often inaccurately), discarded it, -
and picked another. Occasionally he stumbled onto pictures of consecutive
numbers and recognized them. He never developed a strategy of just countin N
the units in pictures for a decade, as did all the other children in the group.
After much assistance, when he had pictures of consecutive tens in order, the
pictures helped him to learn to count by tens and to make associations
between the forms "7 tens" and "70."




§: i H had no apbarent skills with the concepts of more and less. as he began- ——
: detailed study of the topic in December. At first, when asked which of two
displays of blocks had more, he counted the blocks in each display. Only if
. he happened to count the smaller display first'did he vrecognize *he other
group as more. If he counted the larger group first, then after counting both
groups he had no idea which was larger. This behavior seemed to stem from
: poor number memory: Having already verbalized the smaller number (say, 37),
H recalled it as he counted past 30 in the larger display; but when the
order was reversed there was nothing to prompt hic memory- of the first
(Iarger) number while he counted the second.
Gradually H began to focus on which display or picture had more tens,
- . although he continued to count each display. While he became adept at
identifying which display had "more," he could not make a complete state~
- . ment comparing the two numbers. Often he sdid "23 in more is 15" or some
variant. The words did not make sense to H; he did not perceive "is more
than" in the phrase 23 is more than 15" as giving information about the
num rousness of 23, compared to 15. ’

; vhen H had to choose between using the phrases "is greater than" or
; "is less than," he guessed. When the symbols were introduced, he often
drew triangles ( Zﬁ&). In tasks that began with either pictures or numerals,
H usually displayed each number with blocks; even with a pair like 60 and 62
he had to "make" the numbers with blocks before hé could say, haltingly,
. "60 is less than 62." Without this action, his responses seemed to be
\ random guesses.
In May, H was asked to display a number, then show what 1 more (less),
10 more (less), 20 more (less), etc. would be, and tell the new number. H
confused "more" with "less," 2 with 20, etc. For the first two weeks he
counted the new display from zero, ar though he had forgotten how many
there were originally. Gradually he had to recount only the blocks he had
altered (the longs for "10 more than 341"). After considerable practice in
counting by 1l's, 10's, and 100's with blocks he was able to show 20 more
than 71 and get the new total by counting on ("81, 91"). 1If the new number
involved briqging hundreds {20 more than 286), H neither recognized the need
for a trade nor was able to perform the trade without guidance. When he
tried to count without trading, he miscounted: "276, 286, 296, 226."

In his final interview H was asked what number is ten more than 137.
He answered "138. . .because it is next." For the number that is ten less
than 253, H said "254." ’ .
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VII. THE CASE OF J
. by

Judy Voran

/

BIOGRAPH.ICAL AND TESTING INFORMATION

U is a male child, born Jctober 11, 1968. He lives with his motlier and
father and baby sister in the married student housing of a nearby university.
His father is a foreign student in graduate school, and his mother is a
housewife. There seems to be a close relationship among family members and .
the birth of his sister in the late winter brought much excitement for J.

He had informed the group months before that he had a baby sister, then when
asked what her name was, he replied, "I.don't know, she hasn't been born

TTTyert T -

A language barrier seems to be J's only school problem, and much of this
has already been overcome. J is a native of Iran, and Arabic is spoken in the
home, since his mother speaks very little English. J attended another
public school in the United States for half of his first grade year and
began second grade in the school at which :he experiment was conducted. At
the beginning of the year he talked very little in the classroom, but soon
became relatively fluent verbally. Other children never made fun of J's
accent, perhaps because there are quite a few children at this school with
foreign accents as well as many with Black dialects. He has very good
reasoning ability but some times encounters difficulty with his verbal
explanations. Some cultural problem arose early in the year with regard to
holidays, but J, adjusted very well to his new situation in America.

J has a strong self-concept and is confident of his abilities. He is
an independent child, a ccnscientious worker, and has been given many
responsiblities at home. His father worked with him nightly, mainly in
math and Arabic, to keep him familiar with the language of his country to
which the family plans to return. In the classroom J was a popular boy who
rarely got in arguments but defended himself when necessary--with words
rather than fists. He always gave a reason for everything he did, and it was
usually a very intricate one. .

) On the Comprehensive Test of .Basic Skills (CTBS) administered at grade
2.6, J scored 2.3 grade equivalent in reading, 2.6 grade equivalent score in
language and 3.2 grade equivalent score in math. He was at the 77th per-
centile nationally and the 83rd percentile locally. On the math computation
subtest he scored at the 68th perccntile, and on the math concepts and
application subtest hé scored at the 86th percentile, based on national
percentiles. On the Otis-Lennon test given at the beginning of his second
grade year, J obtained an IQ of 90. Tuis group, standardized test IQ was
much depressed due to J's language prcblems, and is not nearly a true pic-
ture of his mental capabilities. Because of his language problems, J
participated in the county's Title I r=zading progra¢ and received

/
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instructional emphasis on vocabulary and usage. He will not participate in
the program next year, since his reading scores are now above the maximum
allowed by the guidelines.

On the PMDC 2nd grade test administered 'in the fall, J was able to
count sets fairly well, miscounting only one set. When asked to count
backward from 44 to 25, he got to 30 and said "20." He counted by tens
from 10 to 100, then began counting by hundreds (80, 90,100, 200, . . .,
800) and exhibited the same behavior beginning with 26, counting by tens
to 106, then 206, 306. When shown bundles‘of straws and single straws to
represent tens and ones, J counted the bundles as single straws aqd said
"10" instead of 37. However, when, shown colored chips which represented

tens and ones, J counted the display by tens and ones correctly and said "43".

When asked to construct a set to represent a given number, J used both straws
and chips correctly. On the addition and subtraction problems J answered
only one of four items- correctly, using counters for some items only. He
correctly answered all of the ordering items, telling which of two numbers
was more or less.

On the spring administration of the PMDC test, J counted backward
from 44 to 41 and could go no further. He was successful on all other tasks,
except for two items on c¢lass inclusion, :

J had a grade equivalent of 1.8 on the Keymath test giver in the fall.
Relative strengths were in geometry and symbols, money, and division.
Relatively weak areas were subtraction, mental computation, and missing
elements. J solved 3 written problems, all without regrouping.

On the spring adminispration of the KeyMath test, J's grade equivalent
was 2.8. Relatively strong areas were numeration, subtraction and numerical
reasoning (example: 5 +A= 9; 7 - =[] ). Weak areas were missing elements,
fractions and measurement. J was able to solve all cne-digit and two-digit
addition and subtraction problems, with and without regrouping. He also
answered 2 written multiplication fact problems. )

As a second grader in tte Tl teaching eXperiement, J was assigned to
the single embodiment group using the abacus (U3). There were three boys
and three girls in the group and J worked well with all the children,
though one boy and one girl in particular were usually his first choice for
partners. J was almost always the first to finish any work, whether
enactive, iconic or symbolic in nature. He showed interest 'in working with
the abacus when it was first given to him, or when new material was first
int¥oduced, but tired of it quickly and wanted to move to a completely
symbolic level as soon as possible. At times he became impatient when
having to wait for slower children in the group to finish or when given
another example of something he already understood. However, he seemd
sympathetic to children not as capable as he was, and many tines offered to‘

-help them when they were having problems. When J grasped a new concept, he ' \

seemed almost to bubble over with excitement, laughing, clapping his hands
together, standing up, and talking quickly and loudly. He truly exhibited
the "joy of learning" in thes2 spontaneous moments.
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The following discussion of J's performance in the Tl teaching experi-
ment is organized under the following topics: place value, ordering, addi-
tion and subtraction without regrouping, addition and subtraction with L
regrouping.

\

" TPLACE VALUE

ERIC

Aruitoxt provided by Eic:

J's place value concepts were well developed. He displayed an immediate
tnderstanding of tens and ones and could show any two-digit number on the
abacus less than two weeks after the experiment began. He could also read
any two~-digit numeral. The first day the abacus was introduced and tens and
ones were used to show a number, J showed “he experimental teacher his abacus
with 847 displayed, though the hundreds rod had not been mentioned in class.
He said, "Let the red ones be hundreds (pointing to the hundreds rod) and
these are tens and these are ones (pointing to the appropriate rods). "Now,
tell me what this number is." When asked if he knew what it was, J said "No,
I don't knﬁy this one. It's_too hard!" Months later when three-digit
numerals were introduced, J felt vindicated to find out his Oétéber intuition - —— —=
was correct.
ﬁd con515tently explained the meaning of two-digit numerals in terms of
the vunber of tens and ones. For 5 he said, "this is tens (pointed to the 5) -
and thls is 50 and this is ones (pointed to the 3) and this is 3." He was
able to fill out forms such as:

and ones

: tens and ones

using pictures, but he preferred to work only with symbols when possible.
Occasionally, he filled in a form as:

_;i_tens and _éé_pnes
f__”‘_é__
56

As soon as he was asked to read it, he was aware of his mistake and corrected
it. 1In November, after finishing a worksheet of this type one box was left
over; so he filled 1t in as follows:

_QQ_tens and _é_O'_ones : -
900. 6l A~
761 * ‘
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: Somewhat surprisingly, J experienced some -problens initially with
three-dlglt numbers, He had some dlrflculty counting by tens past 80,

& : he51tated on 90 and 10, and then began coﬁntlng by ones instead. After
%@. three days this ccunting dlfflculty cleared up, although in late May when
;7' the group was counting a display of 1 hundred 9 tens and 10 ones, the

§»' : trouble flared up. J accepted\this displéy as showing 200, and so the

< (_ group counted as more ones were added to it. When the group added the

tenth one after.200, J said "300" and another boy said "210." He argued

at great length for this choice of 300 and was not convinced until he saw
the dlsplay of 200 + 10.

N J could easily trade to show numbers such as 150 as 1 hundred 5 tens
i . or as 15 tens, an8 he felt confident in stating 170 = 17 tens for numbers
a . 200 or less, and for multiples of one hundred. When, asked how many tens

' for a number such as 374, he was unsure unless he saw it .displayed as 37

ten§ and 4 ones. When he saw it displayed as tens and cnes, he knew imme-

: diately there were 37 tens and did not have to count the tens, but if he
: ) saw it as 3 hundreds, 7 tens and 4 ones, he had to go through a much longer
mental process in order to say it had 37 tens.

L - ..  In the final evaluation interview, J was shown

i hundreds | tens | ones
2o 2 I 13 T a4

and was asked to read it. He read it as "2 hundreds and 13 tens and 4 ones";

then he was directed to show that number on the abacus. He said, "I know

that---~it's 334," and then showed it on the abacus. Later,in the interview
- he was asked to read the following and determine if it was correct: )

245 = 1 hundred 13 tens 15 ones

<

He talked to himself some and touched the 1 in 13, moving his finger over the
hundred blank, then touched the 1 in 15, mcving his finger te the tens blank.
Finally he looked up and said matter-of-factly, “"Sure,that's right."

He was shown a picture of 14 circles representing tens and 16 squares
representing ohes and then was asked if the picture showed the numeral on a
card (156). fe counted the tens to 100, covered them up and then counted
"10-20-30-40" and said,"No." He was directed to count the oﬁes, which he did
correctly, but he still said the picture did not shew 156, it showed 140 and
'16. The interviewer then asked what 140 + 16 is, and J laughed and said,
"Oh, that's right." , ' .

ORDERING

. Ordering pictures was a task easily and quickly lone by J. He ordered
pictures for a decade (80-90) and a mixed set (23, 43, 34, 75, 20, 7) with
equal ease. Early in the year he was able to choose the greater of two

‘‘numbers such as 19,and 25, and he disliked having to show the numbers on the
abacus to verify what he already knew to be true. He and the other boys in
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the group came up with the generalization for determining which number was
greater: "Look at the tens and the one with more tens is greater; if tens are
the same, look at the ones and the one with the most ones Is greater." By early
December he was consistently giving the number of tens as a rationale for his
choice of the dreater or lesser number.

L]

Use of the> and<signs caused no difficulty for J, and-it seemed as if he
had worked with them'before. He enjoved making number statements with them to
be judged as true or false. In December he showed his Tl teacher what he had
written, 8106457 <€ 9017568, then asked if it was true. When the teacher
askqd,him the question he said "Yes, because 8 is less than 9 and 1 is with
0 and 0 is with 1 and 6 is with 7 and 4 is with 5 and the 5 is with 6 and 7 is
with 8," pointing to each pair of corresponding dlqlts as he mentioned them.
He may have thought it was necessary for each digit in the left numeral to be
less than its corresponding d.git in the right numeral. J also made up a card
with 900 < 10,000 and said it was true because the number on the right had
more zeroes. ‘

When asked in an evaluation interview in November to show 27 candies
using cups with 10 candies each and single candies, he did so. However, when
asked to show more, he moved over another cup and said "37." Then when asked
to show 10 more he was puzzled, pointed to a cup and said,"10 more of these?"’
He could not see how to show.it and finally said, "It would be 37." When asked
to show it with the candies, he moved over all the cups on the table and
said, "That's 57."

During the same interview J was asked to write the number that is 10
more than 20 and he asked "Write twenty?" then "Write 32" and finally wrote
3. When asked to write the numbér that is one more than 32, he wrote 1, and
when asked to write the number that is 1 ten more than 30, he wrote 4. He
was then asked to read each numeral, and the questions were repeated with J
responding orally. He correctly responded to 10 more than 20 and 1 ten more
than 30.

When three-digit numbers were introduced, J was able to epply his con-
cepts of more and less to them. He ordered pictures of three-digit numbers
and wrote the number which was 10 more, 2 less, etc., with the aid of the
abacus. He seemed to enjoy using the abacus more than he had in months,
especially to show a number that was more or less which, required trading on
the abacus. When first filling in blanks to show counting by ones, tens and
hundreds, both forward and backward, J used the abacus only when regrouping
and when counting backward. Two days later when filling in a similar work-
sheet,, he abandoned the abacus completely and correctly wrote the counting
seqguences.
: 3

On the final evaluation interview in June, J was asked to tell the
nurber whi¢h is 10 more than 137. ‘He replied "147, because you add one more
to three tens and it makes four tens." When asked to tell the number that
is 10 less than 253 he said "243," and explained it by saying "You take away
one from the tens."




ADDITION AND SUBTRACTION WITHOUT REGROUPING

.J was able to work addition and subtraction problems on the abacus but
preferred to work with the symbols onl"' Be had no trouhle writing problems
from a picture, but alway:s reversed any»problem for a picture which showed
a l-digit addend over a two-digit addend, so that instead of
- ]

. 5 he wrote 20\
+ 20 + 5
t
g In December, an effort was made to‘relate addition facts, such as
5+ 3 =8, to larger numbers, such as 50 * 30 = 80. J was very proficient
with the basic facts, and he bhegan to tnlnk in terms cof larger numbers,
b though he got a little mixed up on- the fact involved. BHe sald "What is 300
plus 800?" then he looked at his flngers for a moment and said "That® s
eleven-hundred!" Two days later he looked up at the chalkhpard and saw I
" - 1 :
5 and 50 |
43 +30 b
written on it. Suddenly he said "Oh, see, see! That 1s 5 and 3 and that is
5 and 3, too. I see, I see. That the same and the answer is the samne."”
Written symbols seemed to have a much greater impression on J than even the
enactive and iconic work he did. Two mOfe days after this "discovery," J
filled up the back'of his worksheet Wlthlthe following problems:

A 1T, s
SERTTN

T e

i000 500 1000 Qoo : .
T 2000 LoD +t9000 Zz0 SO
) 30006 1,000 /6000 / o0 O

J refused to show partial sums unlees specifically told to do so. He
carried out the following procedure when the group was learning to add tens

and ones:
1) 25 added 5 and 3 ané/ggid "8," wrote 8 in the ones column.
+ 13

3 2) 25 added 2 tens and 1 ten and said "30," but instead of
\ . i_}3 , writing 30 on the next llne, he wrote 3 in the tens

N :5@’ column.

\ He alsc balked at adding ones before tens, saying that it slowed him down

\ . " because he can.. to the tens first. .

J was the first student in the group to come to a problem on a work-.
sheet which had been included by mistake. He had worked the problem like hais:

e

_ 8
™ 2
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but he knew this was not correct, so he asked his teacher for help. He told
her- the answer was 105, but did not know how to write it. His teacher asked
him how many tens was 8 tens + 2 tens and he answered 10, so she told him to
write 10 on the tens side. With that help, he changed the problem to:

8
2

[Olo
toS

*, During an evaluation in._srview, J was asked to sclve 8 addition and
subtraction problems without regrouping. He read each problem and solved
each correctly. When asked to explain how he got his answer he said, "I added
the ones first and then the tens," pointing tof Xxhe appropriate digits. He
. was asked to solve mentally problems such as 24 + 32 and 45 - 32, which he
did correctly except for one counting error.

°
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'ADDITION AND SUBTRACTION WITH REGROUPING -3

J quickly adjusted to trading on the abacus to show more ones and less
ones, although at times he wouid forégt to bring over a ten after having turned
over 10 ones. His preference was to work only with symbols, though he could
and wculd show the steps on the abacus if asked to do so. Three days after
beginning work with addition with redrouping, J wrote:

99
717

i T "

B}

He had added tens and said "It's one hundred," then had written a 1 in the
hundreds place, but did not know how to finish it.

After 8 days of working with addition problems with regrouping, J tired
of showing partial sums and he answered all proklems in one step, writing
the tens digit first. When completing worksheets with pictures, if the
problem was already written, he totally ignored the picture. If he was asked
to write the problem, he used the pictures to write the addends or the minuend
and subtrahend, but then he computed without using the pictures and dealing
only with his written symbols.

!

; J had some difficulty with problems such as:

L 90 " and 20
- 37 -8

————

He answered them as if 0 - 7= 7 and 0 - 8 = 8, not seeming to realize that
regrouping was necessary. On an evaluation interview in April, J was shown




a card with:

43

- 26 =

' 23 ’ .
and was asked if it was correct. He answered yes, because you could change
the 6 and the 3 around. However, J never made -this type of error when
working subtraction problems. During that‘interview J was given 2-digit
addition and subtraction problems with regrouping to solve, some with an
abacus or beans and some with .symbols only. His usual method was to show
the addends or the minuends on the abacus, or with beans then compute the
' answer looking at the written problem, and then finally a. just the manipu-
lative display to correspond with the answer he had mentally computed.
When asked to explain his method on written problems he had solved, he
explained it in terms of crossing out numerals and making the ones 10 more
and the tens 1 less, although he had actually written nothzng down except
the answer.

(.

On the final evaluation interview, J was given 3~digit addltlon and sub-
traction problems with regrouping to solve. He correctly solved 6 of the 8
problems, and 1 more when he was instructed to trade to find the answer.

Of those he correctly answered, he workec 3 of them at the symbolic level
first, then showed the answer on thé abacus or with beans.

¢ For the other problems which were "too hard, ‘n he went to the manipula-
tivé aid first and worked the problem. For

245

- 148 ,

J showed 2 hundreds, 4 tens and 5 ones. He took away 1 hundred arid 4 tens.

Then he traded the remaining hundred for 10 tens, and one of those tens for
10 ones. He then removed 8 ones and said the answer was 97.

VITI. THE CASE OF K
14
Juoy VORAN

BIOGRAPHICAL AND TESTING INFORMATION

K is a male child, born November 28, 1968. He lives with his parents
and brother who is three/years younger. X rides a school bus and lives in
a mobile home park. His father is a security officer at a nearby university
and his mother is a housewife who is very involved in the school as a room
mother and volunteer. K has a good home life and he talked excitedly about
"his family's vacation in the spring and of the many trips he and his father
took. He knew his parents were deeply concerned about him and one day when he
became ill at school, he asked to call his mother saying, "I know she'll be
.worried about me and will want to come and get me." She did.
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All of K's school years have oesn at the same elementary school. He
attended kindergarten and participated in the county's Title I reading program
and ESAA math and reading program. In the classroom he read in the middle
reading group. K is left handed and exj-eriences difficulty when learning to g

" write. Hi$ handwriting is poor and he frequently reverses letters and digits.

At times this causes him frustracion. One day he tried to write 3. He first
wrote S, then wrote F over it, finally wrote C on top of thHat and said, "I

“keép on making S's and E's!"

K is a very popular boy in his class and was one of the 8 children most
frequently chosen on the class sociogram. He shows concern for others and is
sympathetic to children who are having trouble with their work. He feels that
it is vexy important to be the first to finish an assignment and may times
makes careless errors on written work in order to do so.

. On the- Comprehensive Test of Basic SklllS (CTBS) administered at grade
2.6, K scored a grade eguivalent of 2.2 in reading, 2.4 in language and 2.4
in math. Percentile ranks on the math computation subtest and math concepts
and application subtest were nearly thé same, with a total math ranking of
4lst percentile nationally and 53rd percentile locally. He obtained an IQ
of 90 as measured on the Otis-Lennon administered at the beginning of his
second grade year.

On the PMDC second grade test administered in the fall, K was ablé to

“count sets by touching pictured objects. He could count from 6 to 15 and from

35 to 46, but at times counted out of seguence (38, 40, 25, 40). He counted
backward from 6, buc not from 44, and he counted by tens from 10 to 80, skip-
ping 20. Vvhen telling how many in a display of tens and ones when straws
were used, he counted each individual straw in each bundle, but made counting
errors, so the arswer was wrong. When shown a chip display, he counted each
chip as one, not differéntiating tens and ones. When asked to construct a set,
he either made no attempt or said there were not enough chips. K used
counters to solve an addition fact problem used counters incorrectly on a sub-
traction fact problem and made no attempt to solve problems with 2-digit num-
bers. K correctly chose which was less and which was mo.e from (7,4) and
(8,12) but not from (19, 31). He incorrectly ordered four l-digit numbers
from smallest to largest. .

On the spring administraticn of the PMDC test, K showed much improvement.
He was successful on all counting tasks except for counting backward from 44,

" counting by tens past 100, and counting by tens starting at 26. He could tell

the number of & display of tens and ones, and could construct displays tc show
a given number. He used counters correctly on all addition and subtraction
problems, and answered all order items correctly.

On the fall KeyMath test, X scored a grade equivalent of 1.6. Numera-
tion and subtraction skills were relatively weak, and he could answer no
guestions pertaining to missing elements. Relative strengths were the areas
of division and measurement, and K correctly answered two written addition
problems.
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K scored 2.3 on the KeyMath test in the spring. Woid problerks and
"mental computations were relatively strong areas, and missing eleﬂents and
measurements were relatively weak areas. K correctly answered 4 written
* addition problems, one of which involved regrouping, and 2 written sub-

traction QFoblems, neitheﬁ of which inv..lved regrouping. »

” -

. 1

_ As a second grader in the Tl teaching experiment, X was assigned tc
the single embodiment group using the abacus (U3). There were three boys
and three girls in the group, and K was very attached to one of the boys.
K attempted tc compete with this “‘student, who was much qQuicker and more
capable than K. This situation created problems because K would rush
through his work, writing sloppllv and at times 1lleglbly, so he could
finish when his friend did.

K was emotionally immature and became frustrated when he could not do/
something correctly. He did not want to wait for instructions and felt that
he already knew how to do many things which- he could not do without direc-
tion. At times K became so frustrated, either because he did not under-
stasid something or because h'e could not write something, that h: cried.
After being shown how or -after being given ‘a clean paper to write on, he
would start over and usuaily succassfully complete the task. N

The follow1ng dlscu551on of K's performance in the Tl teaching
exnerlment is organ;zed under -the following topics: place value, ordering,
addition and’ subtractlon without regrouping, addition and subtraction with
regrouping. . !

. PR

PLACE VALUE

Reversal problems interferred with K's developing place value concepts.
The following.are some problems caused by his perceptual difficulties:

23 = ¢ _)_'oﬂ( and 3 ones ' 34= and 2 ones
LEE = 8 tens /9 =9 tens Y/ =4 tens

He also shcwed 13 on the abacus for 30 and 25 for 52 occasionally, but
errors of this type were not as common in the enactive stage. The following
illustrates a combination of frequent errors made by K at the symbolic level:

‘/3 ard Cf ones

‘D .
- tens and Lf ones

43

K was able to read most two-digit numerals and only experienced
difficulty with the numbers 12-12. When asked to explain why 53 was "53"
he could only do so by saying that a 5 in front of the 3 made it 53, and
if there wasn't a 3 it would be j.st 5. Counting an abacus or picture
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display presented initial difficulty, however, K would begin counting the tens
beads by tens but could not .switch to counting by ones when he moved to the ones
rod. At times he would begik\counting by ones while still counting tens, so
that a display for 35 could end of peing counted as "10-20-30-40-50-60-70-

80" or as "10-20-21-22~23-24-25-26."

Numbers of greater than one hundred created more reading, writing, and
counting problems. K could count by tens to 100, but then began counting by
ones and took a long time before being able to count "80-90-100-110-120." K
could not write a three-digit numeral without showing it on the abacus
first and going through any trading that was necessary. He also could not
count a display showing 10 or more tens or ones. When asked what number was
represented by 2 hundreds, 13 tens and 4 ones, he said "It don't make sense,
I'11l have to trade." When pressed for an answer he finally said "234," then
traded and said "Now it makes sense --334." .He showed 2 hundreds,—4-tens
and 5 ones on the abacus and said it was "245." Then he was told to trade
for more tens, which he did, but when asked what number was now shown, he
again commented that it didn't make sense and finally said "165."

K had a very difficult time writing numerals, and when counting by ones
from 100 he wrote 100-1001-1002- . . .1010. For counting by tens he wrote
100-112-120-131-125- . . . .He could not count orally by .tens from 100
after having counted by ones from 100, and vice versa. He frequently made
writing errors such as:

119 for 190, 220 for 200, 116 for 160 and 105 for 150.

K became very confident of his ability to express multiples of 10 £ 200
as 1 hundred and some tens or as all tens. He did not count out 10 tens for
trading, but could easily change from 1 hundred, 4 tens to 14 tens. For
multiples of 100, he came up with a "trick" for telling how many tens. He
said it was just whatever was in front, meaning everything except the last
zero, 30 for 300, 40 for 400, etc.

Numbers larger than 200 and non-multiples of 100, especially those with
a non-zero one digit, were no:c as easy for him to describe in terms of tens.
He could trade on :he abacus to show 265 as 26 tens and 5 ones, ard aftex
counting the number of tens he could tell that 265 had 26 tens, but he could

not see it as 2 hundreds, & tens and 5 ones and come up with 26 tens.

ORDERING ‘ : )

A major difficulty K encountered in this area was due to his writing and
reversal problems. When asked during a November evaluation interview to write
the number which is 10 more than 20, he wrote 5O . For the number which is
1 more than 32 he wrote 33, and for the number which is 1 ten more than 30 he
wrote 13, probably thinking he haé written 31 to show 1 more than 30. He had
an esrecially difficult time with the teen numerals (12-19). -
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When ordering picture sets in a decade; 80 to 90 for example, he could
arrange the pictures showing 81-89 in the correct order, but would put
pictures for 80 and 90 together, sometimes before 8l and sometimes after
89. Ordering a mixed set of pictures (23, 43, 34, 75, 90, 7) proved to
be a much moré difficult task for K.

In December K became more confident of his ability to choose the
greater or lesser number. He also helped the other two boys derive the
"rule" for determining which number was greater; by looking at the tens.
This rule proved helpful to him and he was able to choose the larger of
two numbers in displays or pictures, yet still made errors at the completely
symbolic level. The vocabulary of "is greater than" and "is less than" was
mastered by K and he could verbalize statements such as "25 is greater than
19" quite well. The signs, ¢ and > , were not mastered, and one possible
reason for this is the perceptual difficulty he had in reversing digits
(9Q/ for 1, for 6). During an evaluation interview in February,

K chose 56 as greater than 52 and wrote the sign (>) correctly. He also
chose 27 as less than 41, but wrote the sign (< ) incorrectly.

When three-digit numbers were introduced, and after not having recently
worked with the concepts of more and less, K became very confused when
asked to show on his abacus the number which was 1 more (less) or 10 more
(less). For 10 more, he turned over 10 tens, but after three days of
working with the "more" and "lass" ideas, K began to feel confident that
he could simply turn over 1 or 2 tens to show 10 more cr 20 more.

Trafing to show 1 or 10 more (less) was intriguing to K. He was the
first in the group to show on his abacus the number which is 10 less than
506. Occasionally he traded incorrectly (1 hundred Zor 10 ones), but he
was usually able to adjust his abacus correctly to show the number. One day
after the group had been asked to show the number which was 1 less than 600,
then 1 less than 300 and 1 less than 200, K became very excited. He ex-
claimed that he knew a short-cut for answering these guestions: All the
numbers would end with 99. His reason for this was that 1 less than 100 is
99, anéd so you just "put some hundreds in front of 99."

Worksheets which required counting by ones, tens and hundreds forward
and backward were particularly frustrating for K. He was unable to write
the numerals correctly unless he first chowed the number on his abacus, yet
he resented having to use the abacus since the other two boys were usually
able tc do their work without using it. K felt that the abacus slcwed him
down so as soon as he saw a pattern in writing the numerals, he quit using
it. Then .hen he came to a number that reguired regrouping, he would put
his head dow~ nd cry until the instructor would come over and ask him to
show the m on the abacus. He would do so, then regroup correctly and
go along i until he came to the next regrouping obstacle. Many times
when filling ...uks to show numbers which were ten more, K wcald get con-
fused and begin to show one more or 100 more. He did not seem to be able
to hold on to a visual pattern all the way along the line.

K_completed the following to show ten more: -~ A
/5 235 LY gie Sl8 285 288 SL7




He completed the following to show one hundred less, ten less and one
less; R

:lﬁ ) 310 &0 510 (one hundred less)

3 70 S‘% SQCO 51C (ten less)

O_Ej OPL[ OP_S 510 (one less)

In the June evaluation interview, K was able to state confidently that
147 was 10 more than 137 because "after 3 comes 4." He also stated that 243
was 10 less than 253 because "5 take away 1 equals 4."

ADDITION AND SUBTRACTION WITHOUT REGROUPING

K was able to work addition and subtraction problems on the abacus with
very little trouble. He was not as successful using pictures, however. When
asked to find the picture which showed the sum of two addends on the instruc-
tor's abacus, K asked the instructor to join them first on the abacus so he
could see how the answer would look. As long as all work was done at the
enactive level, K was successful, but when he was asked to write a problem
shown on an .abacus or a picture, he had difficulty, primarily Aue to his
writing and counting problems. When writing an addition problem, he counted
one addend and wrote it, then the other addend and wrote it, the recounted
the whole display and wrote the answer. It was possible for him to miscount
on one or both addends and still have the correct answer. For éxample, for a
picture of:

35
£22 - i 2 35 35
57 K may have written: Tl ortal or 27-

5 55 X3

X also had difficulty in changing from counting by tens to counting by
ones as mentioned earlier. When counting all the tens in a picture to write
the sum, he frequently counted by =ens when counting the tens for the bottom
addend, then changed to counting by ones when counting the tens for the
top addend. \

K preferred to 'rork with written problems only, or with the abacus only,
and one could see why. At least when the problem was already written for
him, he had less chance of making an error in counting the beads, or a rever-
sal error in writing the numerals.
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For addition prob;gms, X had much difficulty at first writing the

intermediate steés. He comes wrote; >
\\ J}
51\ or 51
233 433
TRY A z
ol S T~
o ¢ -
9 &

After about a week of working with this, he suddenly seemed to understand
where these partial sums came from and was then able to complete such
problems without the aid of an abacus or picture.

Subtraction problems were more difficult for K to -vork with at the

" -iconic level. When askec. to find the picture which showed 5 - 3, he chose

instead the picture for 8 - 3, which he interpreted as a set of 5 and a
set of 3 being removed. K also had a tendency to reverse the take-away
number when looking for a picture. For 57 - 31 he found a picture showing
57 - 13, and for 85 - 14 he found a picture for 85 - 41.

When writing problems from a picture, K mzny times set up a form

e

to help him write it. If the digits in a problem were not properly lined
up, he was unable to correctly solve it. He was able to solve a problem
such as

42

33
but became confused if the addends were reversed to show 3
+ 42.

In an evaluation interview, K was given eight addition and subtraction
problems to solve. He answered 5 as 10, explaining that he added £ and
+ 23
3 and then 2 more. For the other seven problems he wrote correct answers
with the exception of one counting error and one digit reversal. He was
able mentally to compute other problems similar to tnese, however.

ADDITION AND SUBTRACTION WITH REGROUPING

K was able to go through the steps to show trading on the abacus,
though he had some difficulties at the iconic and symbolic stages. When
first learning to cross out digits and rewrite for a subtraction, he did
it like this: R

110

LN}

K put 10 over the ones column, even when supposedly using a picture which
showed the trading sequence. This was cleared up soon, but another
difficulty arose. After realizing that there were now 13 ones instead of
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10 ones after trading, K wrote the digits this way:

]
He said that the 1 in 13 was for tens and it should go on the tens side.

K's reversal problems also caused computational problems, even after he
nad the algorithm mastered. The following problem points out this difficulty:
41

+9
o7
40

After addition with regroupiﬁ@’was introduced, K began using the long
form for subtraction problems withoat regrouping. He worked problems in
‘this manner: -

34.
- 21

3
[

However, he did not write subtraction ﬁf%blems with regrouping in this manner.
After about 5 weeks of working with addition and subtraction problems requir-
ing regroupingfﬂthe group was given a "rule" for using the short form and long
form. They were told that if the ones answer fit on the ones side (was a
single digit) then the answer could te written in the short form. K was fasci-~
nated with this rule and immediately applied it to his work. '

Pictures presented special difficulties for K. When a subtraction pro—
blem with regrouping was pictured, K ended up many times writing the”
following:’ 13

vy .
5

.‘lr—- w)d

He would miscount the beads to show theqnumber of ones after reading, then
counted again to find the answer, which might be correctly counted. When
K used symbols only, he would never have rewritten 24 as: =1 5
V)
3 4
K also left out parts of a problem when asked to write the problem shown in
tne picture. For a picture which showed 30-17, he wrote: 2110
- 310
I |3
K had a grea* deal more difficulty writing subtraction problems from pic-
tures than writing addition problems from pictures.

In an evaluation interview in April, K answered written problems
correctly when he dealt only with symbols. However, ne became confused
when asked to show addition and subtraction problems with regrouping on the
abacus and with beans. Of the four problems involving an aid, X finallv
answered 2 correctly after he went back to the symbols and adjusted the
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manipulative display to model the symbols. For example, K showed 46 + 7

' using beans like this: 4 2
. LY
| - &2 8 28

¥ .. 38
8

He then put all the beans together, looked at the written problem and
counted 6 + 7 on his fingers. After separating beans into 2 piles he
_ pointed to each and said, "There's 13 here ard 14 here," then said, I can't
| do this psoblem.” After some Questioning by the interviewer, he said the
4 beans were 40, ani rearranged the beans like this: Cg &’

€ Q?gb

N )

Q%

. =2 >
13 (?8
This modeled the partial sums 40 he would have written for the problem.
He finally said the answer was 53.
H
When asked to transfer his knowledge of addition and subtraction with
regrouping to 3-digit numerals, K was somewhat successful. On the final
evaluation interview, K correctly showed 3 of the 4 problems he was asked
to work on the abs3:us. He could not wcrk either of the 2 problems for
_ which he was ask=¢ to use beans. The 2 written probiems, where no manipu-
- latives were used, he answered like this:

) 426 erased the 10 then wrote 426
i + 182 + 182
5108 : 5@
. 237 then erased the zero to
- 176 leave 61.

Q6!
1X. THE CASE OF L
BY

Juvy VORAN

BIOGRAPHICAL AND TESTING INFORMATION

L is a female child, born June 18, 1968. 3he lives with her mother,
three sisters .nd one brother in a low rent housing project. L. is the
- middle child of the 5 children and 3 of them have different fathers,
although there is now no father in the home. Her mother works as a maid,
and the family income is very meager. L rarely talked about her family or
her life outside school.
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In the classroom L was usually quiet and somewhat withdrawn, although
she did txy to join in same small group activities occasionally. On a class
sociogram L appeared as a lone - and was chosen as a friend by fow girls.
However, L's self-concept was actually pretty good and she did not seem to
be aware of her lower social or academic standing.

L did not attend kindergarten, and this was a detriment to her school
performance. She attended first and second grade at the school at which the
experiment was conducted and had the same teacher both years. In first
grade she got off te a very slow start and the California Test of Basic
Skills (CTBS), administered at grade 1.6, indicated this fact. L had a
reading grade equivalent score of 0.2, and a language grade equivalent score
and math grade equivalent score of 0.1l. L participated in the county's Title
I reading program and ESAA math and reading program, receiving small group
remedial and corrective help throughout the year.

At the beginning of second grade, L had apparen:-ly forgotten most of what
she had struggled to learn the year before. She was a total non-reader and
could not count or recognize liumerals greater than 6. However, during the
yzar L received the Title I reading instruction and-showed slow, steady
improvement, though she remained in the lower third of the classroom reading
groups. She was very slow learning to write letters and numerals and this
writing problem was noticeable in all of her work. CTBS grade equivalent
scores, administered at grade 2.6, were 1.8 in reading and 1.6 in math and
in language. L scored at the 3rd percentile in the math computation sub-
test, which was a timed test, and at the 26th percentile on the math ccn-
cepts and applications subtest, which was read by the teacher to the class
as a whole.

On the PMDC second grade test administered in the fall, L was able to
count se=s by touching each object as she counted. She could not count for-
ward beyinning with a number other than one, nor could she count backward.
She made no attempt to count by tens. L was unable to tell the number
represented by bundles of straws and single straws or by colored chips,
indicating complete lack of understanding of tens and ones. When instructed
to use beans to find the answer to an addition problem L formed numerals
with the beans, then counted on her fingers and told the answer. She used
beans in a subtraction problem, but added instead of subtracting. For
problems involving 2-digit numbers, L was unable to use the beans\to solve
them. I ordered one-digit numerals from smallest to largest, and ‘gorrectly
told which of two 2-digit numerals was more, though she could not 11 which
of two numbers was less. ‘

On the spring admin.stration of the PMDC test, L showed scme improvement
in her counting skills. She could count from 6 to 15, though not from 35 to
46. She counted backward beginning with 6, though she was unable to count
back from 44. She counted by tens to 100, then said "101, 110, 120," but
she was still unable to count by tens beginning with 26. 1In dealing with
ters and ones, L was able to tell and write <he number of a display of
straws and of colored chips. She was able to construct a set to show a
given number using colored chips, but not using straws, Derhaps reflecting
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L°s instruction with the abacus during the year. L used beans to solve all J
addition and subtraction problems with the exception of one subtraction
. problem in which she added. L could choose from 2 numbers the number which
- . is less and the number which is more, except for the palr (19, 31) when she
chose 19 as being more.

“ , On the KeyMath test givén in the fall, L obtained a grade equivalent of
h 1.1. Relative strengths were the areras of money and mental computations
(1 + 1, 2 + 2) and relative weaknessuvs were the areas of multiplication,
division, missing elements and measurement. L answered one written addi-
tion problem correctly. 2

On the spring administration of the KeyMath test, L scorad a 2.0 grade
equivalent. Relative strengths were the areas of addition, subtraction and
mental computation. Relative weaknesses were the areas of multiplication
and missing elements. L answered 5 addition problems correctly, one of
which involved regrouping, and 4 subtraction problems correctly, two of
which involved regrouping. )

As second grader in the Tl teaching experiment, L was assigned to the .
single embodiment group using the abacus (U3). There were 3 boys and 3 girls
in this group, and L developed close ties with the other two glrls. She
relied heavily on them for answers and instructions initially, but after
the first month of the experiment she became more independent, L worked
slowly and determinedly throughout the year. .She depended almost totally
on the abacus to do all her work and rarely set it aside unless specifi-
cally directed to do so. Once she became accustomed to the symbolic patterns
or manipulative strategies. the group used, she showed steady improvement.
However, any change in the schedule or absence from school affected her
performance greatly since her retention was short.

The following discussion of L's performance in the Tl teaching experi-
ment is organized under the following topics: place value, ordering, addition
and subtraction without regrouplng, addition and subtraction with regrouping.

PLACE VALUE

Counting past 10 was very difficult for L, anu she was unable to read
2-digit numerals at the beginning of the year. She could count out 10 ones
and trade them for 1 ten on the abacus, but usually arrived at th2 wrong
display because she had miscounted when initially putting a given number of
ones on the abacus. For example, L showed 16 as 1 ten and 5 ones because
she had originally put 15 ones on the abacus and then traded 10 of them

for a ten.

L learned to show a two-digit number on the abacus when she saw it
in written form, but she had great difficulty showing it when the number
was read to her. Hearing "34" meant little to her. She was unable to write
it or show it, and she was unable to count by tens until December. Until
then, she was not able to consiltently count the beads on her abacus to tell
wnat number was shown. She would begin counting the tens beads by tens,
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but when moving to the ones rod, she continued to count by tens and was unable
to bridge the gap (e.g., 30-40-41). She finally overcame this, somewhat, by
counting the tens beads, then covering them with Her left hand, then -ounting
by ones on the ones rod. This covering up of the tens rod seemed to signal

her to change her counting pattern.
. 4

L experienced difficulty on any new symbolic form when first introduced,
but she soon picked up on visual cues, though not on the level of under-
standing. When first working with the following form, in October, she filled

it in this way: )

—~

s
lC) and é>

[ ! /C) ten and é ones

: z
v

~N
LI

~
N
s &

When the form was revised ard the lines ordered differently, L was much more
successful:

RN ,/’\ N h
{‘f b
HiE ,
ur :2\ tens and é; ones
A — e
H , !
EH‘ AR 31:) + (g
! !
:El]j - Y
2 2 2 26
e = =
- Coi oL
Worksneets which mixed up a pattern confused L, pointing out her lack
of understanding of place value. One such worksheet had tens = 30
and also = 3 tens. She filled in both forms with the single digit (3).

L also had a great deal of trouble verbalizing any of the patterns. When
asked to tell a name for a number using-tens and ones, she could rarely say

"4 tens and 6 ones" without help, even when looking at the abacus. She could,
however, answer the questions "How many tens?" and "How many ones?" When
trying to tell a name for a number, she sometimes said "ten fours" instead

of "four tens." ‘

Moving into three-digit numbers in the spring magnified L's reading
problems, though her writing problems remained much the same. L could show
a thr -digit number on the abacus and could trade when directed to get more
or les tens or more or less ones. However, she could not read the numeral
or te ‘he number from the abacus display. She said simply "5 hundreds and
6 tens 14 2 ones." When asked to read a numeral, such as 431, che said
"a hundred and 4 and thirty-one,"” and apparently thought that any number

containing hundreds had to begin with "a hundred and . . . .

Y
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\When trading fo% a display of 1 hundred 5 tens to show as tens, L
meticulously counted out each of the 10 tens she put on the abacus. She
was vgry slow to recognize quickly that 150 has 15 tens, 130 has 13 tens,

R etc., when working at the enactive and iconic levels. H vever, when she
began éémpleting worksheets with the form

_lfi_ tens

A
she quickly saw the visual pattern.- /5(}

When é@ven an abacus picture shouwiung hundreds and tens, L filled

in the middle line of the fuorm first, then the top line and finally the

last line. \When given an abacus picture showing tens only, L filled in

the top line\first, then the middle and bottom lines.
. L could not answer a question such as "How many tens does 150 have?" T
but she could\show 150 on the abacus as 1 hundred 5 tens, then trade to

show 15 tens, then answer "15" to the question. L was unable to go through

this process mgntally without use of the abacus. During the final evaluation
interview L was, shown the statement 245 = _1  hundred 13 tens 15 ones

and was asked if this statement was true. She quickly answered "No, because
a 2 is supposed 'to be here (pointed to first blank) and a 4 is supposed to
be here (pointinb to the second blank) and a 5 is supposed to be here
mointing to the\last blank)." When asked earlier in the interview to show

hundreds | tens I ones

i 2 | 13‘4

on the abacus, she;had done so correctly and had traded to show less tens,
although she read the number only as "3 hundreds and 3 tens and 4 ones" and
not as "three hundréd thirty~-four."

\

ORDERING

L experienced great difficulty in ordering numbers and in dealing with

. the concepts of more gnd less, due primarily to her inability to count and

' to read numerals. She was not able to count to 20 until December ard made
frequent counting errors throughout the year. When counting strategies
were taught in a two-week fact drill unit, L never mastered the counting on
strategy. If the problem was 7 + 5, she held up 7 fingers and counted each
one "one, two, three . . . seven." Then she held up 5 fingers and counted
"eight, nine, . . .twelve." She could not begin counting at 7, but needed
to start with dne each time.

4

Ordering pictures from 10 to 20 was an impossibility for L initia&idy,
since she did not know what number came after 14 or 18. Having to decide
which picture to choose wher more than two pictures were in front of her

- was more than she could msnage. Her attention had to be focused on only twe
pictures at a time ané then she had to decide which picture came before
the other.
71
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Reading a two-digit numeral, and some one-digit numerals, was a chore
for L.” In order to read 56, she had to count softly on her fingers "ten,
twenty, thirty, 'forty, fifty" and only after that could she say "fifty-six."
She went through this procedure every time she. read a two-digit numeral
through the end of the vear. When asked to compare two written numerals,

by the time she went through the process of reading the second numeral, she
had forgotten what the first one was. L also reversed digits frequently,
which caused ordering problems. When asked to place either < or > between
69 and 96, she said "Oh, no. That the same thing."

L judged the magnitude of a number by the height of the column of
beads on the abacus without regard to tens and ones. Looking at pictures
showing 7 and 43, she said 7 was larger. Even after locating both numerals
on a hundred chart, she still insisted 7 was more than 43. ,In an evaluation
“1nt¢gv%§g;1n February she chose 56 as being more than 52 geEause one number
had 6 and the other had 2. She then chose 41 as being }éés than 27 because
"these (27) are higher," though she was looking only the numerals and

not at a picture or abacus dlsplay

The vocabulary "is greater than" and "is-less than" was never mastered
by L. "Than," in partlcular, seemed a meapinhgless wcrd. After working with
the signs > and ¢, she was able to use -them somewhat consistently, but could
not read a statement she had writtens such as 26>14. Even whén word cards
were used in place of the signs he had to labor over the reading of the
statement.

L could apg;y/é‘rule given to her without real understanding of the
concept, which~is what she finally did to choose which of two numbers was
larqg;/or/gfé;ler. She was told that the number with more tens was the
greater numker, and if the numbers had the same amount of tens, then the one
with the most ones was the greater number. It was apparent that she lacked

a concept of more and less when she was asked to show a number that was

1 more, 10 more, 1 less and 10 less. =ven in May she was not sure of whether
to put another bead on the abacus or tcke one off when asked to show, thz
number that was more. She would hesitate long enough to see what othecr
children were doing, then would adjust her display accordingly. When asked
to find the picture which showed 1 more (less)} cr 10 more (less) than a

given number, she first had o show that number on her abacus, add ¢xr remove
the appropriate bead, then lpok £pr a picture like her abacus. During the
final evaluvation interview I\was”asked, "wWhat number is 10 more than 1372"
She made no response to similar inguiries about 10 more than 37, 10 less than
253 and 10 less than 23.

ADDITION AND SUBTRACTION WITHOUT REGROUPING %%&

L was able to model acddition and subtraction problems on the abacus,
carrv out the actual operation required and write the answer. She was only
somewhat successful in writing the entire problem from an abacus or picture,
and only rarely able to read the problem, either from the symbols, the picture
or the abacus. L relied almost totally on the abacus to solve problems, even
at the symbolic level, for more than half of the year. She knew she was able




to show two_ndﬁbers on her abacus and then join them together, and she knew
if she countied up the tens and ones and wrote that down, her answer would be
correct, so she faithfully followed this process. L had no confidence in
the symbols or in her ability to count on her flngers., She knew very few
facts and dié not have a good counnting strategy to employ

Pictures were difficult for L to interpret, especially for sub-
té§§;ion problems. For a picture showing 8 beads with 3 circled to show
“take-away" L would write 5 - 3. When an addition problem was shown on
the instryctor's abacus and L was asked to select the picture shich showed
the answer to the problem, she could not do so unless she pulled on the
rubber band holdir7y up the top addend on the abacus. causing the two set
to be joined. When given a worksheet with pictured subtraction problems,
L insisted on showing the number on her abacus, using a rubber band and
carrying out the subtraction there first before writing the answer.

When using a picture to write an addition problem, L would count the
tens beads at the top of the pictured abacus and write that digit down
then count the ones beads and write that digit down. She repeated this
process for the second addend a‘ the bottom of the picture and drew the
horizontal line and + sign. Sh: 1en went back to the picture and counted
all the tens beads an” - te the digit and then counted the ones beads
ard wrote that digit. sSpse did not think of

36

+12
s "thirty-six plus twelve eguals forty-eight" but rather as "thrze and
six then one and two, count and write four and eight." The same process
was used for subtraction problems. This was probably due to her inability
to read a two-digit number without first counting by tens until she said
the correct decade.

L saw no need for the long form for addition problems, especially since
she did not perceive adding of tens as such but as just adding of digits.
When first working with the long form, she simply filled in the sum on every
empty space. This was really the only information she got from a picture.

51 51
+ 33 or + 33

K
£
&t
Gradually L began to deal more with the written symbols, and she began
to use the abacus as a counter. For a problem such as 23 + 41, she would
put on 3 ones, then 1 more one and count them and write down 4, ther she
would put on 2 tens and 4 more tens and count them and write down 6. When

the abacus was taken away, she used her fingers for even the most obvious
combinations, such as 9 + 0 or 6 - 1.

L2

6[)
-~

During an, evaluation interview, L was given addition and subtraction
problems w1tnout regrouping to solve. Although she was able to read only
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3 of the 8 problems, she wrote the correct answer to every problem and, when
asked, she worked the problems on the abacus correctly, However, when given
problems of the same type ts solve mentally, she was unable to do any of
them. Wwhen asked to show two problems using keans grouped as tens and ones,
she was also unable to do so.

. -_ADDITION AND SUBTRACTION WITH REGROUPING

~
L encountered diffiéélty when learning to trade to have more ones,
needed for subtraction with regrouping, and to have less ones, reeded for
addition with regrouping. Some problems arose from counting errors, but
other problems indicated a lack of understanding of the whole regrouping
process. L could not remember how many ores to trade for a ten, even though
the name of the bead ("ten") should have helped her remember. Whern first
trading ones for a ten, she would trdde all the ones above the 10 mark on
the abacus. For example, if the abacus had 3 tens and 16 ones ¢n it, L
would pick up the top 6 ones, having 10 ones on the abacus, and trade the
.6 ones for a ten. She sometimes picked up a ten from the 3 tens on the
abacus, then put it back with the other 2 tens to show trading for the ones,
instead of bringing over a ten from the back. L did not seem to realize
that a tracde involved moving something from the front of the abacus to the
back and moving something else from the back of the abacus to the front.

IR OO

L counted on to cross out numerals to show regrcuping necessary for
subtracticn problems. For

. T

¢
oss2d cut the 4, then held up 10 fingers and counted on ifrcm 4

cr

14, then wrote 14 akove the 4. She then crossed out the 3, held

up ingers and took ore away, and could immediately write 14 above & 4,

15 'akove a 6, etc. She did not know that 10 + 4 is 14, 1C +6 is 16, etc.,
unless she counted on her fingers, and she could not trade a ten on the abacus
to show 14 ones unlsss she counted out each of the 10 ores she added. The
symbolic gattern she perceived was purely symbolic, with little relation

to the enactive level.
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When pictures wer2 involved, they broughr their own special diffi-
culties to L. She cotld count the total number of beads to find the answer
to an addition problen with regrouping, b:t she could not relate the picture
to the structurad sitiation where she wrote partial sums. For example, L
responded this way to the following situatiocn:

41 6 41
+ 218 or *+ 2
ones in all & |{ ones in all
'/ {1 tens'in ail_ X |§ tens in all

. , N
7 Y altogether AN alctogether

o e
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Aruitoxt provided by Eic:




At times L crossed out to show trading for subtraction problems when it was
not necessary to trade. She would write:

14
& 3
1

~ 3
.and the -answer would. be correct because she counted it from ..2 picture,
although she went through the regrouping steps without looking at the
picture.

R4S

When L was asked to write thz entire problem from a picdture, she had
the greatest difficulty translating a subtraction situation to written form.
! For: o T

=

26

. ]

she wrpte ;25

+ . e ——
|
|
|

T ————

@AY
o6 mwsirAaG W mLw

T S ITIITT LI IR TR

i3 .

L usually correctly wrote a bictu;ed addition gituation, but when the
structure for partial sums ugs not present, she wrote addition problems
- without regrouping the short'form (e.g., :3:2 } and addition problems with

4-/ iy

76 { |

« regrouping in this form: %
g Ping L A

T /8

3

~_

-~

»

TR
A new kind of error surfaced when L began working only with the symbols.
- * For a problem such as: ) !

34

5 - 16
L held up 10 fingers, took away 6, then wrote 4 in the ones column. After
being told that she must do trading first and write down the numerals
above the crossed out numerals, she did not correctly. On problems such as

3 4

I N [T
-1

L sometimes wrote the answer this way:

2.

75

ERIC

Aruitoxt provided by Eic:

Lin

¢ '




E

Evidently she felt it was necesSary to fill up the 'regrouping” space when
4
no regrouping was needed.

During the final evaluation interview L was asked to solve 3 digit
addition and subtraction problems which required regrouping. She correctly
displayed addends on the abacus and with beans and could join them, but
she did not trade correctly on addition problems. When asked to work the
following problem on a symbolic level only, she did so like this: ’

426
) *+182
- 3108
She--.could’ hot correctl ly show subtraction problems using the abacus and beans.
When asked to work the following protlem on a symbolic level only, she dld
so like this: .

13 Vo
2&% ‘g
- 176
. 76
She was unable to read any of the problems, now could sne tell the answer
she had on the abacus, with beans ~r written down.

%

X. THE CASt OF N '

<

. bg
PATRICIA CAMPBELL

BIOGRAPHICAL AND TESTING INFORVATION

N is a female child, born February 13, 1963. She lives with both of he:
narents, one sister, four years older, and a batv brother. During the late
fall, N learned that her muther would have a bacy in the spring. N wanted
the baby to be a girl and adamantly stated that, if the baby was a boy, she
wanted it sent back. However, by the time her baby brother was born, N
accepted him saying that "God wanted" her family to have a boy.

V s parencs are higr school graduates. N's mother does not work out-
side the home. N's father was a salesman throughout most of the school year;
however, for a time in the spring he was unemployed. N's family had a lower
middle class income aund formed most of their social contacts through their
church.

N did not go to kindergarten, rather she att tended a day care center for
6 months before ner family moved to this cirty and N entered first grade at the
school at which the experiment was conducted. N was a good student in first
grade, but not exceptional. She scored slightly above grade level on the

-Comprehensive Test of Basic Skills (CTBS) administered at grade 1.6 with an

overall grade eguivaient ~f 1.8 (reading, 1.8; language, 1.8; mathematics,2. 1).

O )
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At the end of the first grade, N's father and older sister began to teach her
at home. This continued throughout the second grade, as N and her sister
. __.—"Wwould "play school."

During second grade, N became the top student in her class and, during
midyear, was identified as a gifted student eliyible for special programs
sponsorec¢ by the school district. Her entering second gradce Otis-Lennon
IQ was 124. On the CTBS administered at grade 2.6, N had an overall grade
equivalent of 5.1, with reading scales of 4.5, language scales of 5.9, and
mathematics scal~s of 4.5. N liked to be challenged and learn new things,
but she was also very understanding toward children who did not learn as
quickly as she did. N was popular in the classroom, &lthough somewhat bossy
in her iidependence and self-confidence.

N had an entering KeyMath grade equivalent of 3.0. Her counting skills
were advanced as she could identify missing numbers in a written seguence
( . 6, 7, , 9; 98, 99 101) and could compare the numerousness
of two given sets. However, N could not recognize counting bv 3's. N could
add and subtract without regrouping and solve missing addend problems. She
could perform mental computation problems of sums less than 10. If an
accurate picture prompt was present, N could solve word problems presented
orally; she was not successful if the picture prompt was absent or inaccurate.

In May of the second grade, N was again administered the KeyMath test,
receiving a grade equivalent of 3.8. At this time, N succeeded on addi-
ti.nal items. She could fill in missing numbers of sequer:es representing
‘counting by 4's. She could solve addition and subtraction problems with
regrouping involving two-digit numbersy but not with three-@igit numbers.

.. N could also solve more complex mental computation problems involving two

operations (e.g. 5+ 5—4 + 7) and she could multiply single-digit numbers.
N could solve orally presented word problems without picture prompts, but
erred if an inaccurate picture prompt was present.

On the PMDC second grade test in the fall, N could count forwards by
tens to 130, but ...en counting by téns from 26 to 126, she skipped 106 and
116. N counted set: of objécts visually. Given bundles of ten straws or
colored chips to re¢ cesent tens and ones, N could count by tens and ones
tc determine the value of the display or to form a set depicting a particu-
lar number. She could use counters to solve an addition or subtraction
problem, but she occasionally arrived at the wrong solution due to mis-
counting (e.g., 23 - 7 + 15). N could identify which number was more or
less in a set of two nuibers, {7, 4} and {8, 12} ; but she thought that
19 was more than 31. e

During the spring of the second grade, N again took the PMDC second
grade test. She was successful on all tasks, with the exception of one

class inclusion 1tem.

As a second grader 'in the Tl teaching experiment, N was assigned to
the multi-embodiment group (M)« using sticks, Dienes blocks, and the abacus.

- %
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Of the six children orginally composing this ¢>ouvp. N was usually the first

to successfully complete written symbolic exercises. This wa. not apparent
during lessons involving the embodiments lessons or involving pictures of the
embodiments without written work. During the introduction of written symbolic
strategies, N would use the materials to complete the exercises. Later, once
she understood how -0 solve the problems symbolically, she used the manipula-
tives only as a means to check her work, or if requested to explain her work
to the teacher.

For the last five months of the teach:ng experiment, N was the only
female student in the M group. This had no noticeable influence on her per-
formnance. .

The following discussion of N's work in the Tl teaching experiment
is organized under the following topics: place value, ordering, addition and
subtraction without regrouping, addition and subtraction with regrouping.

PLACE VALUE

Counting and forming displays with the enbodiments to represent numbers
less than 100 was a simple task for N. At first, when she was forming a dis-
play and hunting sufficient sticks or units, N would lose her place in the
counting seguence and start counting over again. She quickly learned to recall
~he last number she had counted and, after locating more sticks or units, count
c.a from that point. N also was one of the first students to adjust a previous
display in order to show a subseguent value (e.g., add 2 sticks to 17 stizks
previously ccunted in order to show 19 sticks]. When displaying larger values
(greater than 20), N would sometimes ask her instructor to request "sticks
again" or "blocks again" rather than changing the embodiment so that she could
simply adjust her display.

i had no difficulty in changing from cne erwodiment to another’'and could
e3511y represent a numper pictured or disglayed in one manipulative by one of
the other manipulatives. Durlng the third week of instr.ction, in order to
make her displays differenc from those of the other children, N began inter-
changing the embodiments. For example, she would represent 46 with 4 bundles
and 6 units or 32 with 3 tens on the abacus and 2 sticks. By this tine all of
the children in the M group were proficient with the vocabulary and this
generated discussion as to whether *''s displays were correct. The general
concensus was that units meant units and only units, similarly for longs or
bundles or sticks (e.g., "Show m2 3 longs and 2 units . . .How many is that?").
But there could be many correct ways of showing tens and ones or of simply
showing a number. After a week or so, N seemed to tire of interchangirg the
embodiments and stopped doing so.

N had no difficulty reading or writing numbers or reading the texrms:
units, longs, tens, ones, bundies, sticks. She easily filled in worksheets
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containing exercises such as:

_:i_bundles and _é; sticks

3 tens and é ones

3_9_ and é___ ones
Given a two-digit number, N could explain the meaning of the digits

verbally in terms of tens and ones or she could use manipulatives to
explain the numerals.

In the spring of the year, N adapted to three-digit numbers between
100 and 200 with similar ease. She quickly leaxned to describe a number
{(written or spoken) or a display in terms "of hundreds, tens and ones.
At first she was hesitant and not particularly accurate at determining
how many tens were in a number such as 170 or 120 but she was more confi-
dent with numbers near one hundred such as 120 or 130. Similarly, she was
sure 12 tens was 120 or 11 tens was 110, but she was hesitant to suggest
what number was 18 tens. All of this seemed to crystallize for N when
she ordered pictures devicting 10 longs (100), 11 longs (110), 12 longs
(120), . . . 20 longs (200) and pictures depicting 1 bundle of bundles
(100’ . 1 bundle of bundles and 1 bundle (110), 1 Bundle of bundles and 2
bundles (120), . . . 2 bundles of bundles (200). At first, N occasionally
would err when counting displays of blocks (longs and flats) by tens,
(10, 20, 20, . . . 90, 100, 10, 20), however this problem also seemed to
clear up after ordering the pictuves. N completed response sheet exercises
such as:

/5 tens

_/ hundreda _5 tens
50

with little difficulty. During group work, these exercises were prompted
in differing ways. 1Initially a display was made to depict each line, then
later only one line was promp%ed by a display and the students completed
the exercise. After a time the embodiments were not used. The instructor
would fill in one line of the exercise, and the students would complete it.
N became bured with these activities as she said they were all the same
and she wanted to do something different.

Numbers greater than 200 did not present too much difficulty for N.
She initially thought 3 bundles of bundles (300) would be made of 13
bundles. However, after the bundle of bundles were taken apart and the
gro: p started to count the bundles, she stated, "I mean 30." On the next
item with blocks, she correctly stated that 8 flats (800) would be the
same as 80 longs. N could describe & given number less than 1,000 in
terms of hundreds, tens and ones or in terms of tens and ones. She could
change a display depicting a number less than 1,000 involving any of the

79




embodiments so that it would show the same number but with "more tens" or
"more hundreds." Nevertheless, N may not have had a real sense of the larger
numbers as when asked to tell a pumber between 500 and 600, she could not do

so until told that it would souqﬁﬂlikejffive hundred . . . .".
4 .
At the end of the school year N' had a ébncept of place value that she
could transfer to new situations. During h x final interview N was shown the -

following statement and asked if it was tg

—

—

245 = / nhundred /3 tens /5 ones.
She had not seen s*: :ements of this type during-her instruction. N stated
that the expression was true, ''leause that's really 100 (pointing to 13 tens)
so that makes 200. BAnd 3 tens plus 1l ten fro,, that one (pointing to 15 ones)
makes 4 tens and that (pointing to the 5 of 15 ones) makes 5."

ORDERING

Ordering pictures depicting numbers from 10 to 20 i%volving different
manipulatives was initially challerging for N. Larger numbers also were more
difficult for when N was ordering block pictures depicting numbers from 80 to
90 she said with some surprise, "Ms. C., this is hard!" Also increasing the
number of pictures to be ordered increased the difficulty of the task for N.

N could tell which of two displays or pictures was "more, less, greater,
or fewer." She would determine the numbers represented by the displays or ,
pictures and decide more or less on the basis of the numbers, not on the basis -
of the nvmercusness depicted by the pictures or displays.. She quickly adapted
to using the formal statement "___ is greater than " or " is less than
____+" in both written and a verbal form, as well as placing the symbois |
"<"'and " > ." Shown a set in one embodiment, she could easily form a display
that was more or less than the stimulus set. N seemed to wait to see what the
other children would do and then make a dlaplay that was correct, but different
in appearance from the other chlldren s. For example when asked to make a
set that was mcre than 27 {shown by o;ocks), N put out 10 longs. Wwhen asked to
make a set that was less rhan 13 (shown by sticks), N did nothing and said
that her set shcwed O.

S

After showing a value with the manipulatives i€ asked to show a number
that was 1 more (less), 10 more (less), 2 more (less,, etc., N would first
state what the adjusted number would be and then chauge her display to rerflect
that number. N also revealed h=r grasp of ordering at a more abstract level
when she explained that 27 was less than 41 because "4 tens is more than 2
tens" or that the number that was 10 more tnan 137 was 147 "becaus= 3 plus

1l is 4 and 30 plus 10 is 4C."

ADDITION ND SUBTRACTION WITHOUT REGROLPING

. . s , ]
N was able to use the embodiments to show both addition and subtraction. <
she read.ily agreed that displays depicting a numk ¥ sentence could be made in
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either a horizontal or a vertical form; however, when writing an additive
number sentence to represent a pictured display she imitated the display.

- For the pictures:

Vel
!

i

10
N t
wrote ‘7
30
%h\\for )
)
N wr/te

5,\ o

N\
Tye only exception to this was when the pictures reflected both two-digit
and one-digit numbers in a vertical form. N always wrote the two-digit

pumber on top: © DR 8 .

< QO
tS

N

When adding without regrouping using either sticks or blocks, N .
would keep the tens and ones separated on the form board; she would then
add the tens and ones simultaneously using both hands to sweep the tens
to,ether and the ones together. Symholically, she sometimes added the
tens first and sometimes added t e ones first; she often subtracted the
tens first. When told to order pictures to show an addiiion E. oblem
without regrouping (e.g., 21+ 13), N would first locate the-pictures
depi-ting the two addends. Viewing the two pictured addend$, she would
almost immediately know the solution and then search for the picture
which depicted that rumber. )

Although N preferred to use the short form for addition problems,
she would show her work symbolically on the long form. However, she
filled in her work after solving the probler. This occurred for problems
prompted by manipulative displays or pictures as well as on symbolic
problems with and without the place value chart structure.
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42 2 _ 4 42
+ 9257 +.25 7 4 25 4+ 25
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&) - 50 6
On the compu.ation problems, N always wrote a + or - sign and lined 'p
the digits carefully. She infrequently erred on symbolic computation problems
by performing the wrong operation. N knew the basic facts for addition and
subtraction (e.g., 8 - 3 = 2) and could transfer that knowledge to mental
computation problems involving larger nuxbers (e.g., 50 - 30 = 20}. When
solving involved mental computation problems, she seemed to function a2t an
abstract level, almost picturing the symbols in her mind. For example, when
asked to solve "43 take away 32" mentally, she said, "11 . . . . (Because)
4 take away 3 equals 1 and 3 take away 2 equals 1 so you have 1l on the bottom."

ACDITION AND SUBTPACTION WITH REGROUPING

N had no trouble zdjusting tc solving adédition and subtraction probiems
with regrouping. After a few enactive lessons on addition with regrouping and
again after a few enaustive lessons on subtraction with regrouping, N asked if
they were learning to "borrow" and to "carry". Sha wac quite pleased when she,
was told that was a name giwven to the work they were doing.

¢ M was guite proficlent at using all three embodiments to solve addition
and subtraction problems with regrouping and to explain her solutions. For
example, when solving the prcblier:

8
5

w

[49]

.
!

with lengs and units, N displayed the two addends and jointed the tens and
ones; she =hen had 7 longs and 13 anits. N explained, "There’s 7 from the
tens altogsther and there's one more ten cver here {Motions tewaxd the 13
units. # then traded 1G of the units for 1 long.)., And you would have 3 more
laft if you put the 1 t2n here (places the 1 iong with the 7 longs)." The
answer, che stated, was 83.

Similarly, N handied adéition and subtraction problems with regrouping
at the symbolic level with little difficulty. Her ervors were due to fact
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errors (e.g., 8 + 6 = 13) rather than a misunderstanding of the concept.
N always added the ones and wrote that solution before adding the tens.:

47 47 47 47
+9299 + 207+ 207+ 29
16 /¢ ié

/48] 60

Similarly, she always subtracted the ones first and, if she needed to
regroup, noted it symbolically. For example, N worked the following sub-
traction problem: .

¢ s 65 s
75 A% 14 ;;5[/

- 387 - 38-% - 38 - 38
7 35

Explaining her work, N said "You can't take 8 from 5 so you trade. You
mark out the 5 and put 15; mark out the 7 and put 6. 15 take away 8 is 7
and 6 take away 3 is 3 . . .(The answer is) 37."

N was able to use her understanding of the concept of regrouping in
new situations. At the final interview, N was asked to solve aadition N
and subtractios. problems with regrouping involvinj three-digit numbers.
She was not instructed how to do it, but was allowed to use the manipula-
tive of her choice. N selected the abacus and correctly solved the pro-
blems. She worked these problems from left to right, starting with the
hundreds. For example, N solved:

156
+ 178

on *he abacus in the following manner:

Displayed 156 as 1 hundred, 5 tens, 5 ones.
Placed clips on the abacus above the 156.
Displayeé 178 as 1 hundred, 7 tens, 8 ones.
Added the hundreds by removing the clip.

Traded 10 tens for 1 hundred.
Added the ones by removing the clip.

1.
2.
3.
4.
5. Added the tens by removing the clip.
6.
7.
8. Traded 10 ones for 1 ten.

S.

Stated the answer was 334.




Similarly for the problem:

524
—.183 ' /
N used the abacus as follows: :
1. bisplayed 524.as 5 hundreds, 2 tens, 4 ones.
2. Took away 1 hundred.
3., Traded 1 hundred for 10 tens.
4. Toox away 8 tens.
5. Tooi. away 3 ones.
6. Stated the answer was 341.
After solving four problems of this type on the abacus, N solved three-digit

addition and subtraction problems with regrouping symbolically. Again she
worked from left to right:

426 ¢ 426 (erases 5) 426 (erases 100) 426 N
- 182 ~7 + 182 ~—> + 182 —> + 182
5 /0O Lo

N explained, "400 plus 100 is 500. 8 tens plys is 100. 500 plus 100 is
600 and 6 plus 2 s 8."

Similarly for subtraction:

237 237
- 176 > -176 7 - 176
fl/
. . '
Again, N explainad her work: "Well, you can't take away 7 from 3 so I traced.

One ten and tha 3 +hat's 13. And 1 take away 1 is none. Aand 13 take away
7 is 6 and 7 taxe avay 6 is 1." '

. X1. THE CASE OF P

. . By
PATRICIA CAMPBELL
BIOGRAPHICAL AND TESTING INFORMATION

P is a male cnild, born Fekruary 16, 1268. He is the youngest of four . -
children with wwo clder brothers, ages 29 and 19, and ar. older sister, age 15.
P and his teenage brother and sister have a somewhat unstable home life, as
they -live either w:.th both parents or, at times, some of the children may
reside with only one parsnt. P's mother is a high schocl graduate; she does
not work outside the home. His father i 2 manual labcrer; he did not graduate
from high school.
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F is an aggreséive child who is very defensive, ie has no sense

of humcr ané Ireguently interprets innocent statements by other chilidren

as an insult causing him to strike back physically, in deifense of his

character. P cannot stand to be touched or have his materials handled

by the other children. A sociogram of his second grade class showed

that P was either named as a2 best friend (by students who were somewhat

of a behavior prcblem*in the c¢lass) or he was not named as a friend. P

- has no children near his age to play with outside of school; they (e all
older than he is. ?'s mother reported that at hore, P is often belittled
by the older chiléren. At school. P attempts to imitate them.

P attendeé kindergarten at the school at which the experiment was }
conducted. During the first and second grade, P was in the Title I Program. l
P did not like to dc¢ group work, but preferred individual tasks. He was |
conscienticus zbcut his own work and corrected his errors readily, unless |
he had an audience ¢Z other children t¢. entertain with his anticg. He '
celdom would ask for help even if he was confused. Only when he felt that !
the other children were preoccupied with their own work, would P ask for |
assistance. P had an entering second grade Otis-Lennon IQ of 96 but, in ‘
the classroom, P was handicapped by his inability to read. On the Com- |
prehensive Test of Basic Skills (CTBS) administered at grade 2.6, P had :
a total reading scz'~ grade eguivalent of 1.2 with & language grade f
eguivalent of .9, placing him in the lower 5 percentile range. His |
mathematics scale on the CT3S wA3s 2.1, with a total overall grade eguiva-
lent of 1.6. . -

Cn the KeyMath test administered at the beginning of second grade,
P had an overall grads equivalent of 1.8. He could count and adentify

) missing numbers in the Sequence . 6, 7, , 9 as well as tell the
nunber which preceded 19. However, he could not identify the missing
number in the sequsnce 98, 99, .+ 101 or compare the numercusness of

two given sets. P was able to solve addition and subtraction problems

of sums less than 16, but he did not attempt any computation proklems
involving two-digit numbers. P could solve mental computation probiems
involving one, but not two, operations; he could nct solve missing adderA
problems. P was not successful in solving word probiems presented orally;
even if the picture prompis were available.

KeyMa*h test, receiving an overall grade eguivalent of 2.4. He still |
could not compare the numerousness cf two se¢te¢, but he was eble to |
identify the missing number in the seguence 98, 99, e l0i. P |
successfully solved addition and subtractidn problems involving two-
¢igit numbers wath and without regrouping; however, he occasionally
erred due to performing the wrong operation. 'He also could success-
fully perform mental computations involving two operations if the sums
were less than 10 (erred on £ + 7 - 3). 1If accurate picture prompts
were present, P was able to solve orally presented word problems.

On the second grade PMDC test in the fall, P counted by touching
objects. He could count forwards from 6 to 15 and from 35 to 46 but
Y he cnuld not count back from 44 to 25. When counting by tens, P counted
10, 20, and then usually continued by ones as either 10, 20, 21, 22, . . .

|

|
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or 10, 20, 23, 24, 25, . . . Therefore, he was not able to successfully
solve place value tasks involving chips. P knew how to use counters to
salve addition problems such as 18 + 53 and 2 + 4. However, he used the
counters to add rather than subtract when presented the problem 7 - 3;

he would not attempt 23 - 7. P could identify which number was more or less

from the sets (7, 4} and {8, 12}, but felt 19 was more than 3l.

In the spring, P again took the PMDC second grade test. At that time
he could count backwards as well as count by tens from 10 to 130. When he
counted by tens from 26 to 126, he skipped 116. P was able to solve all
place value tasks correctly and to identify numbers which were more or less.
With the counters, P again added for all the problems, this time stating
that 23 - 7 was 30. -

As a second grader in the Tl teaching experiment, P was assigned to the
multi~embodiment group (M) using sticks, Dienes blocks, and the abacus. When
solving problems at the symbolic level, P would sometimes use his abacus or
his blocks as an aid in beginning “he exercises. However, once he understood
what he was to do in the exercise, he would stop using the manipulatives ac
an aid. P was frequently one of the last to complete written exercises, but
it did not seem to bother him. :

The following discussion of P's work in the Tl teaching experiment is
orgqnized under the following topics: place value, ordering, addition and
subtraction without regouping, addition and subtraction with regrouping.

PLACE VALUE

P had no difficulty using the Fifferéht manipulatives. At first when
making displays with sticks cr blockk to represent numbers greater than 15, he
would lose nis place in the counting seguence while hunting for sufficient
sticks or units and wou ave to start counting over again. However, he
gradually learned to *eggﬂg the last number counted and count on from that
point. Sometimes, P would adjust hlS rrevious display to show a subsequent
number, but he usually did =aot. P nnd no t*ouble forming displays. using one
manipulative which were prompted by d;splays or pictures depicting'the other

embodiments. He easily moved from ohe embodiment to another.
!

H
Written exercises of the Eong:

. . long and units

ten% and ones ‘
a%d ones
1
I

were very difficult for P since he cpuld not read the words. He was able to
verbally describe a manipulative display as, for example, 2 longs and 3 units
or as 2 tens and 3 ones. If asked what number the display represented, he
would respond 23. However, charactefizing the display as "20 and 3 ones" was
not natural to P and this caused some confusion as he began writing and saying
" tens and ones." !

’
’
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Despite his awkwardness iquéscribing pictures or objects orally or in
written form, P had no difficulty using the manipulatives to show a num-
ber which was orally described in terms of either bundles ox sticks, tens
and one;, longs and un.*“s, or and . ones.

/At,the beginning of the Tl teaching experiment, P could not count by
tens. He learned to translate from the number of tens to the number,
cougfing 1 ten, 2 tens, 3 tens, 4 tens, . . . 40," eventually becoming
proficient at counting by tens?! Later, P had difficulty counting by tens
and cnes. Particularly with the abacus, P would repeat counting by tens
over and over again before counting by ones. For example, he would count:

"1i0, 20, 30, 40, . . . lp, 20, 30, 40, .i. . 110, 20, 30, 40,. . ."

before finally saying: "10, 20, 30, 40, 41, 42,'43, 44, 45."
P wrote two-digit numbers greater than 20 by translating from tens

and ones. That is, if P had to write the number "fifty-seven," he would
say "5 tens, 7 ones" ﬁn& write "57." Occasionally he erred when writing the
numbers 16 and 17, writdng the digit in reverse order as 61 or 71l. Given a
written number, P easily explained or displayed the value of the digits.

_ Although P decided howKJp write a number by interpreting it as tens and
ones, he seemed to be %ble to read numbers without verbally translating
the digits in terms of tens and ones. This was also the case later in the
year with three-digit numbers as P would interpret a number in term: =f
hundreds, tens, and ones .before writing it, but he would read the three-
digit numoer without initially interpreting its place value.

i/
f
i

P guickly learned to describe a number or display (less than 200]
in terms of hundreds, tens, and ones. Although P was certain that 100 was
""10 tens and conversely, that 10 tens was 100, he had no idea what numger
was, for example, 17 tens cr 19 tens. He was more comfortable with num-
bers near 100 as he would saggest that 12 tens may be 120, but he also
wanted to check his conjecture on the manipulatives before stating it with
any conviction. All of thi: seemed to suddenly make sense to P when he
order ' pictures depicting 10 longs (100), 11 longs (110), . . . 20 longs
(200) 1d pictures depicting 1 bundle of bundle: (100), 1 bundle of bundles
and 1 undle (110), 1 bundié of b.undles and 2 bundles (120), . . . 2
bundles of bundles (200). hfter that lesson P could tell how rany tens
were represented in any mu{tipie of ten between 100 and 200 and, conversely,
he could state the number/for any number of tens between 1C and 20.

P could describe a number greater than 200 or a manipulative display
representing a number greater than 200 in terms of hundreds, tens, and
ones. He could use the manipulatives to represent such a number and could
also adjust his display isc that it would represent the same number, but
with "more tens" and "more hundreds."” Tnld a number of tens (e.g., 27
tens), P soon became proficient at displaying the number or finding the
picture that depicted the value. Once he had found the picture or formed
'nhis manipulative display to represent the tens, P would count to determine
the number represented. If asked how many tens were represented by
number greater than 200, P could use his manipulatives to find the answer.

. !
o
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dowever, P could not solve these problems without the manipulatives and he
had difficulty stating his solutions as if the process of verbalizing was .
hampering him. ‘

E: P, what number would you have if you had 90 tens?
P: 190

E: Think again. 90 tens. 90 of these things (points to a pile of
longs).
P: I have 90 tens?

E: (Nods her head affirmatively). You have 90 of these (E picks up
- some longs). How many units would you have?
P: 100 and . . . (no further response).

E: Well, let's check it aut. We want to have 90 tens.
(P and E count 20 longs, placing them in groups of 10 longs. P lines
up the groups of the longs .so they each resemble a flat).

E: Now, you've got 90 tens. MNow here's a hint. (E picks up a flat -
méving it from one group of longs to the next showing that the flat
"fits" exactly over the group of 10 longs.)

m

How much have you got?
P: (As he touches each group of 10 longs) 100, 200, 300, 400, 500,
- 600, 700, 800, . . . 900.

E: 900. Okay . . . So 900 is how many tens?

P: 9. . .19 .. .90, 9, ... &7

E: What? ) -
) Py 9, 109, . . . mmm, 119, . . . 9.

When counting by ones or tens, P usually hesitated before bridging the
hundred. He may not have had a real sense of the larger numbers for wiien asked
to tell a number between 500 and 600, P responded, "287 + 369."

P initially had some difficulty on the written response sheet exercises
as he repeatedly answered in the following manner:

//7_ tens
/OO hundreds 2 Zens
;. 190

However, on worksheet exercises, P used the pictures as an aid and correctly
answered problems of this type.

P seemed to have acguired the concept of place value by the end of the
second grade. He often decided how to write a number by translating it in
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terms of tens and ones or hundreds. tens, and ones. He also was able to
apply his concept of place value in a new situation. During the final
interview, P was shown the following statement:

245 = 1 hundred 13 tens 15 ores

He had not seen statements of this type during his instruction., P stated
the expression was true " 'cause you got 13 tens and if you trade . . .
you get 200. Then 2 tens. Trade. Get 2 hundred . . . forty . . . five."

ORDERING

\

Crdering pictures'aepicting numbers from 10 to 20 involving differing
manipulatives was very difficult for P, particularly when dealing with
abacus pictures. Similarly, throughout the year, ordering pictures de-
picting larger numbers or ordering pictures representing non-consecutive
numbers was a very challenging task for P but, with sufficient time, he
usually was successful.

P could tell which of two displays or pictures was "more, less,

fewer, or greater." He seemed to initially compare the numerousness of

the sets and then check his answér by counting. Shown a set in cne embod.-
ment, P could easily form a display that was more or less than the stimulus
set. For example, when asked to make a set that was more than 27 (shown

by blocks), P displayed 4 longs and 5 units. P never did easily use the
formal terms " is greater than "or™ __is less than __ ." These.
phrases seemed to hinder P as he would concentrate so much on the form

that he wouid forget the value of one of the displays or pictures before

he completed the phrase or he would say, for example, "92 is better than

29."

At the symbolic level, P could not read the words "is" or "than"
with any consistency; hence, he had difficulty placing the "is greater than"
or "is less than" cards between numeral -cards. P seemed to place n
or " > " cards readily enough, but.hesitated to read either the symbo}ic
or the written statements. Usually, P would repeat the numbers involved
aloud and then make up either an "is greater than," an "is less than," or
an "is better than" statement. Later in the year, when asked to read the
statement:

56 > 52

P replied, "56 is higher than 52."

After showing one number with the manipulatives, if asked to show a_.
number that was 1 more (less), 2 more (less), 10 more (less), 100 more
(less), etc., P would adjust his display and ther count before stating
the adjusted number. The only exception to this was with the abacus. If
asked the number that was 1 more (less), 10 more (less), or 100 more (less)
than the value displayed on the abacus, P could answer correctly without
adjusting the display. However, if asked the number that was, for example,
2 less or 20 more than the value displayed on the abacus, he would adjust
the display and count before responding.
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ADDLTTION AND SUBTRACTION WITHOUT REGROUPING

problems without regrouping.

P was able to use the embodiments to show both addition and subtraction
vertical displays with differing embodiments cou
nunber sentence.

He readily agreed that either horjzontal or
14 be used to depict the same
When writing a number sentence for a pictured display, for
example:
L - -

222323 7 2T 2 2 = -

= = 2 0n oo =

S s A - -~ =3 =™

= 22 a3 3 3 =

2 22 3/ 33 =

2 s s = 3T 3 =

P would horizontally write:

But vertically he would "write up" in the following fashion:

20 :
+ > L0 7 160 7 g
a | FO
Similarly, for the pigcture: v SO
T ¥ &8
NN &:7 &
§ g
P wrote: 50 _3 %% . Q‘é
: = T
30 -7 3 A
O

This procedure of "writing up" the problem centinued throughout December.
Christmas vacation, P stopped "writing up" a problem.

After
When adding without regrouping using either sticks or blocks, P would keep
the tens and ones separated on the form board; he would then add the tens and
together.

ones simultaneously using both hands to sweep the tens together and the ones
tracting the ones.

Symbolically, P added or subtracted the tens before adding or sub-
each addend.

When told to order pictures to depict an addition problem
without regrouping (e.g., 21 + 13), P would first find the pictures to show

ol

Then he would count the total number of tens and the total number
of ones depicted on the two pictures (3 tens, 4 ones) .

for the picture that depicted that number of tens and ones.

Finally he would look
initially had difficulty using the longer form for addition problems.
For the problem:
3 3 3 3 _
+ 2 2 P wrote + 2 2
: 50| 5
. 510
5 3
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Later he wrote:

O

i \
.. VY rather than T3
310
L < —_ji;
15 o
Ovals were then added to the structure of P's worksheets, and he
. then completed thz exercises successfully.

I

=
2 3 .
1 4

% .

On the next set of\symbolic worksheets, P drew ovals before attempé—
ing to sdlve the problems. &

\ +

)

\Fur:her use of the manipulatives on the form board in conjunction
with the actual writing the problem used as a record of his actions seemed
to be very beneficial for P. He was able to explain the meaning of his
written work with the manipulatives. At this time, P began adding the

. tens first, with the manipulatives, and also recording in that order.
—_— T — '
o Si= 5132 31

| M
__L__QL__ ____li%__. __llék—_
« 'l P
. _4o L _4l5 ¢\
| |5
P did not want to use his fingers to solve the kasic facts inwolved
in the symbolic addition and subtraction problems without regrouping.

He would count on to add and count back to subtract. Initially this led
to errors as, for example to solve:

4
- 2

—_—
ol

o @

P would count back "8, 7, 6, 5, 4" and write "z4" as the solution.
Similarly, he would count on to add 8 + 6 by saying, "8, 2, 10, 11, 12,
12," and write 13 as the solution. After instruction with the empodi-
ments, P learned to count on ané count back with accuracy. However, he
did not pay much attention to the operation signs. Therefore, he would
often add when he should have subtracted and subtract when he should have
added.

T
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During oral drill, P seemed to understand the relationship between the
basic facts for addition and subtraction such as "8 take away 3" and the
similar statements, "8 tens take away 3 tens." However, he could not transfer
these solutions to problems such as 80 - 30. Yet he statéd that a display for
8 tens - 3 tens would also show 80 - 30.

When reading the symbolic problems, P would use one’ of two methods. For
example, he read, "89 take away 53 equals 36," for ‘

.

1

1

-8 9 .
- S 3 v
G C
but for: 4 0 !
- - + 2 2 /

A /
he read, "4 plus 2 is 6; 0 plus 3 is 3?/ This dﬁél method also occurs when P
Solved mental computation problems. When asked to solve "23 plus 5," P said
the answer was 28 because, "I added 5 and 3 and ﬁét 8. I already had 20."

. Yet he said "45 take away 32" was 12 because "I, look away 3 from 4, equals 1
and, . . . 5 take away 2.equals 2." /

- 7 : ,
) ~ i t
ADDITTION AND SUBTRACTION WITH REGROUPING )7
+ P qﬁickly learned how to solve addition problems with regrouping with the
sticks and the blocks. He was able Eggexplain his manipulations and later, at
the symbolic level, relate the numerals to the stick or block manipulations.
P could show addition with regrouping on the abacus, but, at first, he was not
very prof1c1ent\at explalnlng his manipulations. ertlng seemed to ease this
and P began to chdose the abacus over the sticks or bldcks when he needed ‘an
aid to complete the symbolic worksheets. P seeméd to solve the computatwon
problems rather mechanically. For example when solving:
’ 38
o . + 57

P would talk to himself as he solved. o

p: 8plus 7. . .8, 9, 10, 11, 12, 13, 14, 15.
(writes 15)

P: 3 plus 5. . . 8.
(writes 80)

+
U W
~ ®©

n

P: Splus 0. . .5.
(writes 5)

0
Q

l

\O
n

P: 1lplus 8. . . 9.
(writes 9)

He could explain his work on the embodiments.

i
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The shading on the addition with regrouplng worksheets (see
appendix D ) was very confusing, for E. _He usuallyignored the shading - -
rather than use it to determine the sum of the ones. Houever, the -

-

/ kg
e shadlng seemed to interfere w1tb hls coantlng At one p01nt, he sald
. . the shading meant "take away.' . -

PO

- -Before beginning subtraction with regrouping, P was completing‘ ., )
: worksheets involving buth addition with regrouping and subtraction with- B
; r - . out regrouping. P carried the structure of the addition problems over T ‘
] to the subtractio problems. For example, P solved the-following

- ) . » problem "the long way," as he called it.

. , -
34

e o e e o e . ] . .

o . 2 -
- ~ *
K ) - - ‘ ' D.S‘ ' ° ‘

.,
",

. P's biggest problem when solving subtraction problems with re- i . .
grouping with sticks or blocks at the enactive leVel was his forgetful- ’
ness. He would recognize the need to trade a bundle -or long for 10 ones .
- in order to solve th subtraction problem. .He would add the 10 ones o
- ‘the ones for the trade, but he would fail to removethe bundle or long '
‘e When asked to explain his work, P would say he had traded a bundle or a
* . long, completely unaware of his erxor. P wes never confident when u51ng
o p the abacu§ to show subtraction with regrouping. NN . .
- ' 0
Symbollcally, P often did not indiccte a changp in the- tens due to
a trade, but he would remember it. For example, he solved:

I8

Y

8 ) .

When completing qgrkéheéts involving both addition and subtraction
problems, with and without regrouping, P oiten erred du€ to performing

- the wrong operation or due to arithemetic fact errors, but he usually

recognized the need to "trade," as he called regrouping. Occa51onally, o .
he would fail to regroup and solve:

Ea
"4

7 5 </ 5% 5
8 7 -38 7 -38 -3
. : . f? /

~

!
W U

I3

o

4 3
2 6
TR
R At the final interview, P was asked to solve addlEion and subtrac-
tion problems with regrouping invelving three-dlglt numbers. He was not
instructed how to do it, but was allowed to use the manlpulatlve of
his choice. P selected the abacus and correctly solved the addition

problems, working the problems from left to right. For example, P solved:

-

i AN
-

- ' 1 6
' ’ + ] 8

in the foilowing manner:

~»n

o
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¥
Fl
%
5
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v

\

»
<
.
A, y : - o
1. Displayed 2 hundreds on the abacus.
2. 'Displayed 12 tené on the abacus. .
3. Displayed 14 ones on the abacus.
ﬁ: Traded 10 tens for 1 hundred. .,
S 4
: 5.* Traded 10 ones for 1l ten. ) .

6.l Stated?the answer was~334.

) qymbollcally, P was not able to solve three-dlglt subtractlon problems on
the zbacus. ' Without a manipulative aid, P could not solve three-dlglt addltlon
and subtraction problems without regrouping.

: .- XI1. THE CASE OF R

by
PATRICIA CAMPBELL

BIOGRAPHICAL AND TESTING INFORMATION : : ,

R is a male child, born June 12, 1968. He is the fourth of give children
with dn older sister, age 18, two older brothers, age 11 and 12, ané a younger
sister, age 5. R lives with his mother, brothers and sisters in a federally
supported housing project; he does not know his father. R's mother has a.
ninth grade education and works as a sales clerk in a department store.

R is a pleasant child; possessing a-subtle sense of ‘humor which ig -
unnoticed by the other children. School is often a frustrating experience
for R; he has very little svlf-confidence. R frequently copied the work of
his classmates without any noticeable sense of guilt; however, if he was able
to do his school work successfully on his own, he was very protective of 1t,
_not wanting the other children to copy his:work.

- v g

R comes from disadvantaged circumstances and, when .entering kinder- s
garten he was already behind most of his classmates. He was unable to
identify hodsehold items or animals and had no experience with shapes, colors,
reading, or writing. During the first and second grade, R was in the Title I
Program and-had regular sessions with the school speech therapist. R seemed
to have a perceptual problem as in first grade he wrote from rlght to left and
by the end of first grade, he could recognize and name upper case letters
but not the lower case alphabet. He also wrote the numerals 5, 6, 7 and 9 4
backwards. By the end of second grade, R could recognize and name both upper
and 'lower case letters, but he still could not read. He continued to mis-
spell his name frequengiy and write the numerals 5 and 6 backwards; however,
he usually wrote f£rom left to right. R.was ranked lowest in the class by
his second grade teacher. On the Ccmprehensive Test of Basic Sk.lls (CTBS),
administered at grade 2.6, R had a total reading scale grade eguivalent of
1.7 and a language grade equivalent of .6. His mathematics scale was 1.9,

94 ~ 103 .
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with a total overall CTBS grade equivalent of 1.5. R-had an entering second

grade Otis- Lennon IQ of 75. Tested at mid-year, R was classified as having
. "borderline learnlng disabilities"; the school psychologist recommended
that he be retiined in- the second grade. .
N On the XeyMéth test administered at the beginning of second grade,
. R had an overall grade equivalent of 1.6. He could not count items in.a
two-dimensional picture which utilized depth perception cues, however he
could count accurately when the depth perception cues were not present.
R correctly identified the missing numbers in the sequences I, 2, ___ ,

N 4, Sand __, 6, 7, ___, 9, but he was able to tell the number which
* preceded 19 or 1dent1fy the missing number in the sequence 98, 929, _ .,

. 101. R was able .to solve addition and subtrectlon prcblems of sums lessg
.« ' than 10, but he did not attempt any’ computation problems involving two-
digit numbers. R could not solve missing addend problems or oral compu-
tation problems. If accurate picture prompts were present, R could
solve orally presented word problems. ) °

-

-
The KeyMath tes% was again administered to R during the spring of the

second grade. He received an overall grade eguivalent of 1.9. At that time
) R knew the number which preceded 19, but he still could not identify the
. missing number in the sequence 98, 99, , 101, or count pictured items
T e utilizing three-dimensional cues. R was able to solve addition and sub-
] *  traction problems without. regrouping, but did not know the basic facts for

. sums between 10 and 20. R could solve mental computation problems which
involved addition or subtraction. facts of sums less than 10 (e.g., 1 +74 - 2)
but he was unsuccessful on problems involving facts of sums greater than 10
(e.3., 5+ 3 + 6). R still could not solve missing addend problems or
orally presented word problems without accurate picture prompts.

On the second grade PMDC test administered in the fall, R counted by

touching objects. He could count from 6 to 15 and 35 to 46, but could not
count back from 44 to 25. R could not count by tens. On the place value
tasks, R always counted by ones, counting each bundle or chip as one.
For example, when asked how many straws there were in 6 bundles of ten
straws, he replied "6." R was unable toc use counters to solve written

' addition or subtraction problems.- R knew that 12 was more than 8, but he
thought that 7 was less than 4, and that 19 was more than 31. When asked
to order four numeral cards from smallest to largest, R placed them in

\\ the following manner: 5, 3, 2, 9. ) 3

\ ‘ In the spring, R again took the PMDC second grade test. R still

\ counted by touching objec.s and could not count back from 46 to 35.
Howcver, he could count by tens from 10 to 100 and 26 to 96, but not
beyond 100. R was able to perform the place value tasks involving bundles
of straws and chips, counting by tens and ones. “With the counters, R
successfully solved the problems 2 + 4, 18 + 5 and 7 - 3; however, he

. added 2 + 3 + 7 to solve 23 - 7. R correctly ordered the elements of

2, 3, 5, 9 from smallest to largest and identified which number was more

or less in the sets \7 4} and {8 12} . Howeyer, R stated that 19 was

more than 31. T

k3
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) As a secord grader in the Tl teaching experiment, R was assigned to the
multi-embodiment group (M) using sticks, Dienes blocks, and the abacus. R
found work involving writing or reading to be very difficult, and he did not
function well in the symbolic settlng. However, he had no difficulty handling
the concrete materials or pictures and usually was successful on tasks at the )
enactive or iconic levels. 1In the classroom, R rarely spoke; in the small M i ot
group, he volunteered his ideas, particularly if the task under discussion . ¢
did.not requlre reading. R would complete written worksheets assigned to him, .
but he was @asily frustrated by corrections:--.If R had more than two items E
identified as errors on his worksheet, his frustration and tears precluded
any addlfional assistance from the instructor. If R had only one or two 1tems
‘marked wrong, he was able to utilize suggestions from his instructor and ,’

, correct his work. R rarely "used the embodiments when completing symbolic

. worksheets because the other cﬁildren.in the group did not use them then. o

He needed them, however, in order to succeed with the .tasks. . +

The following discussion of R's work in the T1 teaching experisment is
orgahized under the following topics: place value, ordering, addition and
subtraction without regrouping, addition and subtraction with regrouping.

2
.

PLACE VALLE ‘

bt et g ter e i

. R had scme initial dlfflculty counting from 10 to 15. Also when . . ¢
maklﬂg displays with sticks or blocks to represent numbers with more than 5 '
tens or more than 5 ones, R would often lose his place in the counting

sequence while finding sufficient sticks or units and would have to start .
counting over again. He gradually became proficient at making and counting

displays, changing from one embodiment to another without hesitation, but )
preferring to use the abacus. At the enactive level, R became as efficient

and accurate as the other children in group M on any of the embodiments. R . 2o

had -no trouble forming displays using sticks (blocks) which were prompted by

' displays or pictures depicting blocks (stlcksx He initially had difficulcy
forming displays on the abacus from block or stick picture stlmull, but not
_.from block or stiék displays.

At the beginning cf the Tl teaching experiment, R could not read and "
could not write any number greater than 11 with any consistency. Hence .
without picture prompts, he found filling in response sheets of the form: : -

bundles and sticks
I -
tens and. ones
&
D and ones ‘ A

V ——— : 2
to be very frustrating. Orally, R could describe a display in terms of

. the manipulative and then, if reminded the meaning of the words or prompted
by pictures, he could £fill in bundles and stlcks. The remaining © -
statements were often confused: - .

°2C? tens and ) _ones ’
;’2 and 3 ones
i

56
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R found no inconsistency in writing:

. 5\ longs and Z units ‘ )
3;@ and S/ gnes'

e

-~

R initially had no understanding of the meaning of digits in

written numerals representing numbers greater than 10. He often reversed -

the digits writing 02 for 20 or 61 for 16; he also confused sounds inter- °
changlng for example, 3 w1th 30, 13 with 30, 15 with 50 and 18 with 80, ’
when writing crvspeaklng After learnlng‘the meaning of tens and ones h
and their representation in “numerals, R was gradually able to read and '
write numerals using a translation process:. From a displdy or picture, R
could determine the number of tens and the number of ones and then record
that information. Slmiiarly, R could translate two-digit numerals into

—tens and ones, form a display with the embodiments, count, and then tell . )

the number. Later he" }earnedAtQ translate without the embodlments. -If

asked to reach, for example, the numeral "35," R stated "3 and 5"; but if

‘asked how much the number "35" was,_ne could translate "3 tens . . .

5 ones . . . 35" R nevérlearned to write. the numerals "12, 13, 15"; each

time he wanted to write these numbers-:as solutions to his written exer-

cises, R asked his instructor how to write them. Perlodlcally throughout ..
the year, R orally described dlsplays or plctures as " ones and ___tens"
rather than "___ tens and’'___ ones."” ’

In the fall R could not cant by tens. He learned co translate

from the number of tens depicted to the total number counting "1, 2, 3,

‘4, 5,6, . . . 6 tens, . . . -60," eventually becoming proficient at counting

by tens. A% first, counting by the tens led to :occasional errors_ when.

counting by tens and ones as he would count "10, 20, 30, 40, 50" rather
than "10, 20, 21, 22, 23." Continued experience with the three embodi~-
ments seemed to eliminate this counting error.

Larger numbers may not have had much peaning to R and the quantity
of materials may have been distracting. He quickly learned to display
quantities from 10 to 40 without recountlng bundles or longs; however, ke

* would sometimes stop and recount bundles or longs when making dlsplays"*‘1

-

for numbers from 80 to 90. Later in the year with three-digit numbers, o

R usually grouped 10 longs in his dlsplays to resemble a flat and quickly
countéd or formed displays with blocks. However, he was not as comfortable

with sticks, and he occaSionally -recounted the number of bundles in hlS
bundle of bundles. One day after breaking #ip 3—bundles of bundles and
then counting the 30 bundles, R announced, "But that don't 160k like no
30.% wWhen counting, R usually,be51tated when bridging hundreds.

R guickly rearned to describe a three-digit numeral or a dlsplay
(greater than 100) in terms of hundreds, tens, and ones. He also could .
adjust his displays so that they represanted the same value But with
"more tens" or "more ones." Although R was certain that 100-°was 10 tens
an@ conversely, that 10 tens was 100, R had no idea what number was, for

~example, 12 tens or 18 tens. After ordering pictures depicting 10 longs

o b .
27
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.could use his manipulatives to display the

‘'ordering of the.other children.

-1 longs (110), . . . 20 longs (200) and pictures depicting 1 bundle

of bundles (100), 1 bundle of bundles and 1 bundle (110), I bundle of bundles

and Z bundles (120), . . . 2 bundles of bundles (200), R seemed to see a

pattern for the first time. However, he still needed to use the embodiments ]

in order to state how many tens were represented in a number hetween 100 “and o~
200 or what number was represented by a given number of tens. .

By translatlng in terms of the number of hundreds, tens, and ones, R
could write or read three-digit numerals. Frequently, he used the abacus as
an gld when wr¥iting these numerals from an oral stimulus.

o Althoqgh R learned to read the words ol

"hundreds, tens, and ones" and
values prompted by a written stimu- -
lus and record nis display numerically, he could not function at a completely
symbollc level unless the order of presentation was hundreds ____ tens

ones. Without embodiments he was unable to successfully complete written

exercises of the following form as he wrote:

- 17 tens = l 2 hundred 2 tens ‘ ' S
6 tens 1 hundred = 9 | “tens

/C) hundred ! E t%Ps =

Using Dienes blocks, R corrected his work on this exercise.
out émbodiments he erred when completing exercises such as:

225 N

130

Similarly, with-

9 hundreds
2 tens
5 ones

tens 6:Ln :3 . . o
ones L OR L

hundreds

w N

ones
.tens
3 hundreds

o3 -

v e

But when an abacus was present, he completed the exercise without error.

-

ORDERING

-

Ordering pictures depicting numbers £rom 10 to 20 involving differing
manlpulatlves was a.very difficult task for R. It was complicated by his -
inability to count from 10 to 15. 1Initially, abacus pictures were orften mis-
placed or .ignored in his ordering. iThroughout the year, ordering plctures
deplctlng larger numbers or ordering pictures representing nonconsecutive num-
bers was a very challenging task for R; if at all possible, he copied the
R's method of ordering pictures representing
consecutive numers was somewhat primitive as he would determine what number

98
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should be’ portrayed in the next picture and then he would count every
remaining picture until he found-the cne he needed. It was not until after
Christmas that. R learned to scan the pictures, noting the number of tens
-and ones, in order to facilitate his ordering and selection.

R cbuld tell which of tho displays or pictures$ was "more, less,
fewer, or greater." He seemed to compare the numernusness of the sets
rather than counting each set to determlne how many. Shown a set in one -~ °
embodlment, R coulé form a set that was more or less than the stimulus set.
Fcr example, when asked to make, a set that was more than 27 (shown by blocks),

R displayed 3 longs and 5 unlts (35). When asked to make a set that was less
than the set of 13 °sticks, R displayed 1 stick. 5

4

R never was comfertable using the formal terms is greater than.
ox " is less than ." He would hesitate and forget the value of
one of the dlsplays or plctures before he completed the phrase. Also, if -

asked if a statement, "37 is greater than 41," was true or false, he would N
- Aot know. But if he was s asked which numbe: was greater, 37 or 31, he could
answer correctly. <
At the.symbollc level, R ‘could not read the words "is" or "than";

hence, he had great difficulty placing the “is less than" or "is greater
-than" cards between numeral cards to describe dlsplays. Hls\method was

to form the displays for each of the two numbers, write the numerals for
each display, and then place either an "is less than"'or an "is greater

than" card. When told’what-the inegquality card said, R would judge  his

#5rk as corxect or incorrect. If he felt it was incorrect, R .would exchande
the order of the displays and the numeral ‘cards. rather, than change,the

1neaua11ty card _ : e e L —”—""""“ . .l
N 4—;:::::::::::"—' o . . -
w—51m11arly—R’pTEEea-the inequality cexds "<?' sOY ":>" as a memory Lo

#ask So that the symbol pointed to the smaller. numher, but he could not L

read the symbollc expression. If, pressed to explain the symbollc statement,

R would repeat the numbe*s«over’agc over,. and-then make up an "is less than .

or an "is greater than statenent. “For example, R read: "16.&.36" as - .
"16, . . .. 3 tens, 6.ones . . . 36, . ..%6....36 .. .1is greater

m‘»f”m«v‘than‘ie." When writing the inequaPities, R usually placed, the sighs ver- o

tically such as "56V 52." .’ . . RN
. . , .

After showing a nCmber with any of *he manipulatives, if dsked to
.show a number that was 1 more (less), 10 more (less), 2 more (less),

200 more (less), etc., R would adjust his display and count, correctlyw ) -

staring the adjusted number. He was not successful at these tasks at - | -
either a verbal or symbolic level without manipulatives; usually he , . \

would not attempt such tasks without a manlpulatlve. . L

B
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¢ ADDITION AND SUBTRACTION wrmour REGROUPING

R was able to use the embodiments to show both addition and subtraction
problems without regrouplng. He agreed that either horizontal or veirtical
displays with dlfferlng embodiments could be used to depict the same number
sentence. The.abgg&:si;ctures were confusing for R, but after somé experi-
ence at-using the ab to show what the abacus picture depicted, he learned
'to- interpret addition and\subtractlon conditions on the abacus pictures.

When adding without regrouping using either sticks or blocks, R would
keep th€ tens and ones separated on the form board; he would then add the
tens and ones simultaneously using both hands to sweep the téns together and
the ones together. Symbolically,. R usually added or subtracted the o6nes before
adding or subtracting the tens. When ordering pictures 1) depict addition
-without regrouping (e.g., 21 + 13), R would first find the pictures to show .

*1each addend. Then he would count to f£ind the sum (10, 20, 30, 31, 32, 33,

34); pointing to each item on the pictures as he counted. Finally, he would
hunt £4r the picture that showed 34. . X !

AN

R had difficulty writing addition and subtraction problems without the
struéture provided by a place value chart. His numerals were somewhat
scattered;

0 2o O
" 30 50 _
Ty 50 B

even when copying from the blackboard. He never placed eitMer a + or a -
sign. =® o .
An expanded form for the addition algorithm was 1n1t1ally confusing
R, and he did not know where to write his solutions.

If R had to write and.solve. computatlon problems using thé longer form on
worksheets from pictured stimuli, he had difficulty wr*tlng the problem
as well as notlng his solutlon.

3
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Ovals were then added to the structure of R's worksheetsj and he
was able to write both the problem and the solutions:

TS
T

ia the correct location. At this time R often, reversed the order of
. .the digits or wrote, for example, 60 for 16 or 90 for 19, while saying
; ' "16" or "19" aloud. For example, he wrote '

- -

e o N ] ' o 1
. R } oo .
% rather than ]
| '
] ] C7 . 1] 9 .
s or 0/‘3 9] rather than "8 |

Y 2 le

3
&
. . After comﬁleting ceveral exercises of this type, R was able to
L, solve addition problems without regrouping in the long form without
¢ pictures if the place value chart structure was present. If the'struc-
- ! ture was not present, he would not use the long form, rather he would .
solve for the total sum and write that solution.
4 2 4 2
’ . ¥ 2 5 + 2 5
> ) ] - . . .
Although R had difficulty writing the problems and reading them, he
seemed to understand addition and subtraction without regrouping since he
. could explain the meaning of his writter work.
-
M ¢ . s
. 101 i

. 1o

Aruitoxt provided by Eic: * »




If pictures were not present, R would solve addition and subtraction
problems in a mechanical manner, talking aloud to himself. For example,
when solving:

0
- 4 0
BEe
R stated: "0 take away . . .0 (writes O). 8 take away 4 . . . 4
(writes 4) . . . 2 plus 7 . . . 9 (writes 9). S5 plus 3 . . . 8 (writes 8."
If R did not know the solution to the basic fact contained.in the problem,
which he usually did not, he used his fingers or made tally marks to find the
solution.
Durlng oral drill, R seemed to understand the relationship betweén the ~~— -
basic _facts for addition and subtraction such as "3 take away 3" and "8 tens
take away 3 tens." However, he covld not transfer these solutions to oral - - —
problems such as "80 take away 30." But R stated that the display for 8 )
tens - 3 tens would also show 80 -.30.
R did not know the basic facts. For problems involving facts with sum
less than 10, he would use his fingers. For addition provlems of sum from
10 to 20, R would solve by tallying and, for eubtraction facts, he would
“subtract up." .

-5
/3
After instruction concerning counting on a method of adding and sub-
tracting, R was able to solve the basic facts from sum 10 to 20. However, in
the spring of the year, R began trying to subtract by countlng back and became
very confused. . He reverted back to "subtracting up." R was never able to
‘solve these mental computation problems which he could not solve on "his
fingers. On written exercises containing both addition and subtraction
problems without regrouping, R would sometimes err by performing the wrong
operation. ’

ADDITION AND‘ SUBTRACTION WITH REGROUPING

R quickly learned to do addition problems with regrouping using the
sticks and the blocks. ie initially needed step-by-step directions in order
to use the abacus for addition problems with regrouping and was frustrated
when using that manipulative. After practice with all three embodiments, R
seemed to see the similarity between his trading activities with the sticks
or blocks and the trading on the abacus and would chdose the abacus over the
sticks or blocks at the enactive level.




O N
g e s 0t v NORN

R seemed to have more difficulty writing addition problems ur
writing the solution, than he had determining the solution. For example,
R's initial attempt at writing

\QiQ\C‘G\%
o

¢ A % .0

-

. Gradually, ith further use of the blocks and sticks on the form
board, recording his manipulations, and further instruction with pictures
and writing, R learned to solve anéd write the solutions to addition
~problems with regrouping, if a structure was present. Periodically he
would err by 1 rever51ng dlglts, writing 30 for 13, 80 for 18, or a com- -

—— e ' <
P -

bination of these errors. s e O .

N .
N ~

&y

-

C T T —=r5—
_olB _H0 2 ‘
IS - Tz

If the place value chart structure was not present; R added by
columns:’ . .

(»Pu <9

+ 9
T - TE

. Subtraction problems with regrouping at the enactive level were
‘more difficult for R than the addition problems as he would sometimes
forget to remove a ten, after "trading" for 10 .ones or he would lose
his train of thought, forgetting that he was to subtract, when.counting
10 ones for a trade. Again the abacus was more challengi%d'than either
the sticks or blocks, and he initially required step-by-step guidance
on its use. With practice, R became -proficient solving subtraction
problems with regrouping on the abacus.

At the symbolic level; R never understood subtraction problems
with regrouping. He was able to make a display to represent a number,
trade a ten for 10 ones, and then explain why his new display still
showed the same number, recording his work as:

PR\
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" something in order to have 15 ones, R would complete the problem. However,

l~~.-

I4

But R never was able to apply this in a 'symbolic subtraction situation. When
solving written subtraction problems with regrouping, R refused to use the
manipulatives which he needed, since .the other children in the group were not
using them. Instead he would solve:

S

-1 9

2

and then ask, "Is this right?" " After being reminded that he had to trade

v

in testing situations without an embodiment, R simply "subtracted up."

3 5 8 6 4
k8 = 9 -1

0
6
___“}:z_zw Y

J

R'E laqk of undersbandlng of regrouping may be' best lllustrated by hls
attempts to solve regrouping prcblems involving three-digit numbers. He
‘coulq,not sq;ve the problems on the abacus and symbolically he solved:
A §

B
LR
-

) 4 2 6
‘ +1 8 2

508"

'saying "4 and 1 make; 5; 2 and 8 makes 10; 6 and 2 makes 8." Similarly he
solved: |

~

2 7

-1 7 6

saying, "2 take away 1 is 1 and 7 take away 3 equals 4 . . . And 7 taxe
away 6 equals 1." e

~

XITI. THE CASE STUDY OF §
BY
CYNTHTA CLARKE

BIOGRAPHICAL AND TESTING INFORMATION ‘

S, a female, was born May 25, 1968 and has a sister four years younger.
Her mother is completing her undergraduate degree and works parttime at a
department store. Her father, who is physically handicapped, attended law
school and works in another city. Perhaps because of her father's handicap,
S is very sensitive and extremely kind to those who are less fortunate than
she is. She would frequently seek out the chiid on the playground who had no
one to play with.

3




§ is above average in her class, although her Otis-Lennon IQ of
96 reflects average abfiity. Her parents strongly encourage her to
succeed in school. S is unhappy being the smartest in a group and is
embarassed by being singled out for her academic achievements. She woulad
often encourage the teacher to find errors in her written work and would
write the total number wrong at *he top of a worksheet page if the
teacher did not.’ ‘

A sociogram of S's second grade class showed her. to be extremely
popular especially with the girls. She did not like to get dirty and played
mostly "girl" games, such as school and jacks. S possesses a strong imagi-
nation and a charming sense of humor. She exhibited evidence of religious
influence, often writing stories about God and Jesus and indicating that
she read the Bible at night. : ST . -

S is anxious to please the teacher and would prefer not to attempt a
new type of problem rather than to chance doing it 1ncorrectly On achieve-~
ment tests, the regular classroom teacher often found it n:cessary to remind
S that if she could not do a particular problem she should go on and try
the next one.

“eRic
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Aruitoxt provided by Eic:
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In the flrst gradé7~s was one of .a few first graders placed in a -
second class due to space limitations. During the second grade she showed
marked improvements in all subject areas according to her CTBS (Ccmprehen—
sive Test of Basic Skills) scores. Her mathematics subscale score increased
from a grade equivalent of .8 at the end of the first grade to 2.8 at the
end of the second grade. Increases in the other areas were of,similar
magnitude (from 1.9 to 3.9 in read-ng, 2.3 to 4.1 in language, 1.7 to 3.4
for total scale). . . -

The KeyMath Diagnostic Ari*hmetic Test, administered at grade 2.0,
yielded a grade equivalent of 2.2. S scored above second grade level in
numerationh‘orally filling in the blanks for __ , 6, 7, o 19; and
98, 99, __ , 101. she could perform simple addition, subtraction, and
word probiems. with pictures and symbolic addition, subtraction, and miss-
ing- addend problems {(sums less than 10). .She correctly answered two of
the difficult numerical reasoning problems, but could not handle mental
cémpytation involving more than two numbers. .

. On the PMDC Grade 2 Mathe%atics Test, aaso administered in the fall,
$ was able to successfully count picture sets, count from 6 to 15 and
35 to 46, count back from 6 to 1, and from 44 to 33.. She could count by
tens to 100, but starting at 26 she could only count by tens to 46. S
could tell and write the number of sets of straws and color-coded chips
by counting by tens and ones and constructed a set of straws of a given
number. She could not, however, construct a set of straw or chips
corresponding to a written numeral or construct a set of a given number
of chips in response to oral instructions. S solved simple addition and
subtraction problems using beans, but miscounted on the more difficult'
two-digit plus one-digit addition problems. She added »n Lue two-Adigit
minus one-digit subtraction problem and again miscounted. She could order
2, 3, 5, 9, tell which of 8 and 12 was morg and tell which of 7 and 4 was

_less. She indicated, however, that 19 was more than 31.

]
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_to 106 by tens (counting.to 126 was corrected) and she still chose 19 as being

. Dienes blocks, grid paper, abacus, and colored chips. ~ S was the highest .
_ability child of the four who remained after Christmas and wds always atten-

The administration of the KeyMath test at grade level 2.8 yielded a
grade equivalent of 2.6. S showed a slight improvement in numeration,
answering one additional item correctly. She demonstrated ability to do addi-~
tion and subtraction with and without regrouping. She could now do mental
computation involving three addends, but not where both ‘addition and subtrac-
tion were involved. Although she had done so in the fall, S was unable to
solve any of the difficult numerical reasoning problems. R -

The spring. administration of the PMDC Grade 2 Mathematics Test showed
S able to perform every task correctly, except that she only ¢tounted from 26

more than 31..

As a second grade student in the T1 teaching experiment, S was assigned
to the group 2M using six manipulatives: popsicle sticks, unifix cubes,

%ivefeveh though oftén not challenged. She was always first to complete
Symbolic exercises and made sure that her work was neat and orderly.

“t
4
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“PLACE VALUE AND NUMERATION . o
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. - The remainder of this report will be organized under four topids: -
place value and numeration, ordering, addition and subtraction without
regrouping, and addition and subtraction with regrouping.

~

N

S -could”count to 50 at the beginning of school and by Thanksgiving had
demonstrated a firm understanding of tens and ones. This understanding is
exemplified by the fact that she could rapidly display any two-digit number
yith any of seven aids, including one with which she was not familiar.
Changing'from one manipulative aid teo another caused her no difficulty. S
could describe any number less than 100 in terms of tens and ones:

4 tens + 6 ones

” 40 + _6 ‘ .

46

< r . -

When asked why she wrote 40, she replied "Because there are two ways for 40:
4 tens and 40." She could Jive these three eguivalent expressions for any

number orally, as well. . \
we, '

-

tens | ones

S kngly“that

ol 3 | 15
was 45 without -counting, and could trade with the manipulative aids to show
it. When asked how she knew she said "There is a ten in 15 ones." GShe was
also able. to show * ’

A\ tens | ones

as 3 tens énd 12 ones, and knew that %heré wgre still 42.

T
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At the beginning of the unit on three-digit numeration, S could not
count past 190 by tens. She picked this up rapidly and had only slight
difficulty with exercises 1like the following:

[

i 170 -
1 hundred 7 tens

17 tens

Fl

She had difficulty when the order of the words or statements was altered,
. howéver, and was never comfortable with exercises such as:

43

19 tens = tens, hundreds

v

or
) hundreds, - tens = 20 tens
After a lesson: {oh counting by lo's and 100's to 1000, S was unable

to show 300 with bundles of counting sticks. She put out 13 bundles,
counted to 130 then after much hesitation and prompting she realized she

i”fneeded more. She then groupéd the original I3 bundles into sets of 10

i3~ dlglt numeral.

-and 3 and proceeded to complete the task correctly by dlsp;aylng 3"sets T
of 10 bundles. When asked to show 22 tens with Dienes blocks, S did not .
know what to do and required help. After each student showed 22 longs, we J -
_counted to 220 as a group. When the guestion "How many tens are there in :
220?" was asked, S figured out the answer after a slight hesitation, whlle
the others had to recount the longs.

By the end of the year, S could write the number (0-1000) displayed
in a picture, display a given ‘number with any of the six manipulatives and
circle the pictured objects that correspond to a partlculax digit of a
K } '—,_.’
e -

At the end of the year, S was asked to read and show with stlcks the
' following:

hundredsl tens | ones -

T

Che read it correctly, but her display looked like this:

\

She interpreted the thirteen, tens as one ten and three ones. After
some help she displayed thirteen tens. When asked how much altogether,
she traded ten of the bundles for a hundred and said, "334."

’ &
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.S read and displayed oo

.

2{.4]5

correctly with Dienes blocks. She did.not understand what was meant by
“Show 245 in another way," but responded correctly to "Make more tens" by
tradlng a hundred for 10 tens, and said "There are still 245."

S could not tell how many tens altogether in 150 when shown the numeral.
Afcer showing 150 with one flat and five longs she answered 15. She rejected
_the equality

245 = 1 hundred, 13 tens, 13 ones .,

but did not know why it was not true. This tendency to make snap judgements
when presented with the unfamiliar was typical of her, behavior in response to
new situations. When asked if a picture of 14 bundles and 16 sticks showed

156, she, answered "No, it's not right because' there are no hundreds and more
thaﬂ 6 ones."

ot

- While often unable tc .view numbers greater than 100 in more than one

-way—as—shown-above, _S._seems_to | have _a good underbtandlng of‘pIace“value. “Her
firm grasp of 2- ~-digit numeration proved extremely helpful to her as she tackled-
order, addition and subtraction problems. . -

L3

ORDERING . L

‘ . S performed well on all ordering of picture tasks. She usually started
wth. the smallest number and locked for each one in order often rememberlng the
number of some of the pictures without hav1ng to recount. When ordering a
.set of stick displays for 7, 23, 34, 43, 75, and 90, she put the picture for

7 just before that for 75, evidently interpreting the 7 as 70. S was the only
one of the group who correctly ordered 13, 14, 20, 21, 50, 51, 52, 99.

S knew the meaning of the phrases greater than, more than, and less
than at the beginning of the year and could manipulate the words (orally and
symbolically) and the symbols £ and > to make true statements. After she
developed an understanding of two-digit numerals She could compare any two
numbers and make oral or symbolic "less than" or "greater than" statements
about them. When asked "Which is more, 52 or 562" S responded that 56 was
more 'Becaus% 2 comes before 6 and as the numbers go by they get hlgher.

At first, S needed thé objects when working exercises requiring her to
start at a given number and write the numbers which follow consecutively by
ones, tens, or hundreds,. .r evan to perform such a task orally. She soon

began noticing the patfevns, cbserving which digit changes, and was able to
abandon the manipulatives. \ )

After the unit on two-digit numeration, S was unable to write the number
that is cen more, one more, Or one ten more than a given number. She did not

understand what was being asked, and simply copied the given numeral. She

N
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showed 27 with 2 cups of ten pieces of candy each and 7 single pieces of
candy, but could not show one more. She did, however, show ten more
correctly after one more than 27 was shown to her.

By the end of the year S could write, tell, or show with arv of
7 man1pu7at1ve aids the number which is one more (less), ten more {(less),
or one hundred@ more (less) than a given number (less than 900, written
or given orally).

ADDITION AND SUBTRACTION WITHOUT REGROUPING .
S could do simple addition and subtraction with sums of ten or less

on her fingers or with manipulatives at the beginning of the year, but

had memorized only a few addition facts and no subtraction facts. When.

presented with one of the more difficult addition facts (sum 10), she

insisted she could not do it because she did not have enough fingers.

After instruction on using her fingers to count on for addition and

count Back for subt ractlon, S was able to compute any addition or sub-

traction fact‘rapldly. She was so fast and¢ accurate that she took a long ;
time committing them to memory. . , - R o
S ) Coe %

N LK
|

- ES

S Bad_no dlfflculty with symbollc addltlon involving one or two

ébléms aS:

digits, without regrouping. "She could demonstrate u51ng~any—o£—the~aldsbm_______“
and could usually explain how she did a problem in terms of tens and ones., x
However, when asked "How did you get the answer?". after working the
problem: . ' l
40

+ 23
she responded "I put together 40 and 23." When matching pictures with
addition problems, S would compute the answer first, then look for the -
picture. S could work two-3igit addition and subtraction problems men- ”
tally, but often could not explain how she got her answer. She could,
however, demonstrate with objects. She was able to write addition
problems from pictures or actual displays, but did not use the plctures
ox objects to solve therproblem, just to determine the addends.

er working a problem like the one below, S\wQuld‘read the pro-

\\
- 3 tens + 2 tens = 5 tens 1l one + 3 ones = 4 ones.
37 |
‘ +213 -

However when the vertical line was removed she would read the problem
as "31 + 23 = 54."

~
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S gqntinued to put in the middle step in the addition algorithm for a
long time, even after she learned to regroup and became aware of the necessity
of the middle step in problems. requiring regrouping. This was typical of her
pehavior. She did wnat she was told, rarely asked questions, and would not
change techniques unless instructed to do so. Once, when shown a picture .
showing 25 + 2, and the problem ' . N

+
N
o W

|

/
>
wn

S said the problem did not go with the picture, but could not change it to
make it correct.

S usually.had no trouble writing a:subtraction problem from a picture or
display. As with addition, she only used the picture or display to determine
the subtrahend and minuend, not to solve the prcblem. Interpreting pictures
depicting subtraction problems with zero differences caused S difficulty,
espegially when they were shown on the abacus.

S could-solve any two-digit subtraction problem without regrouping and
could demonstrate the solution with any of .the six manipulatives or one with
which she was not familiar.

ADDITION AND SUBTRACTION WITH REGROUPING ‘ T e "

4 [}
~ Before instruction on regrouping, S was asked to do an addition problem :
‘Yequiriig regrouping. She made the common error as shown below:

39 ' . .
+ 23 L

T2 ‘ ’

She did, however, express concern that her answer might not be correct.
She attempted to work the problem on the abacus, but could not tell how much
S tens and 12 ones were altogether. ;

. * When asked- to work a subtraction problem requiring regrouping before ~
instructién, S again gave the typical incorrect responsé:

43
- 24 )
o ’ ‘
Sh- was concerned akout "3 take away 4," however, and could not arrive at an
answer with the Dienes blocks. .

After a shorélperiod of instruction, S could work 2—digit addition
problems with or without regrouping and could demonstrate them with any of
the manipulatives. S often had difficulty with situations requiring her to
reflect on the correctness of a problem completed by someone else. <She always




- knew if a problem was worked incorrectly but rarely could change it to
make it correct. For example, when presented with the problem below, the
discussion went as follows:

«

TR T

34
2 + 29 he
i . . : ¢ 513
g‘ ; : . Q: Read this for me.
; ; S: Thirty-four plus twenty-nine equals fifty-thirteen, »

Q: 1Is the problem worked correctly?
S:, No . . . I can't think of this number . . . fifty-thirteen, _—

Q: What would you do tc make it right?

N
amiarat e e

S: Add them together . . . it equals 63.

- S could work a broblem of this type correctly, but could not make the
necessary changes to one worked incorrectly.

PR LRI RN o
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) Before the regrouping algorithm for subtract&on was 1ntroduced, the
. students practiced trading one ten for ten ones and vice versa and record- a
ing the results. At first this was done at the manlpulatxve-oral level.
. S had some difficulty verbalizing the equality before and after £rading,
R “__espe01ally when trading cne ten for ten ones. After instruction on record-
ing the trading, the students were given a worksheet requiring them to
‘. ) show trading one ten for ten ones for each number. S did three problems
correctly, then did the following:

81 4
T -0 1

g v S

When questioned, she saw her error and corrected it.

v

o After a considerable amount of practice, subtraction w1th regroup-
ing was easily mastered by S. She had no difficulty worklng a problem
with any of the manlpulatlves and explaining the regrouping procedure.
She sometimes traded when it was not necessary, even on problems such
as 15 - 8, which was consistent with her rigid use of other strategies
she was taught. After spending a great deal of time on subtraction, S
looked at
29
+ 53

.

and said "We have to trade for tens this time." She also traded in an
addition problem, but corrected her error. These again, are signs of R
inflexibility to change problem situations or strategies.

LAl
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When asked to work three-digit addition and subtraction problems
requiring regrouping with manipulatives (without instruction) S usually
reallzed she needed to trade but‘often did not, or traded incorrectly.

~

S worked

S 345 ;
: ‘ +173

with Dienes bilocks. " .

She did it correctly, but did not trade, although she said she needed to.
When. she counted she got 428 as her-answer. 4

’,

S used beans (single, bags of 10, and bags of 100) “to solve

RS, o A Forgrh ¥

. 324 . .
195 . .

&

-

WA e r b HI R
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- After combining addends, she said the answer was "Four -hundred eleven.. . .
. I don't know this number." rlnally she put ten‘lO s with the hundreds, and
: Said the.answer was 519.

CEEFT RN
P
o
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j. S had greater success when not using the objects. She began reading
— a three-digit numeration problem as "6 + 2 is S,ﬁ‘but when asked to "Read

-~ -the whole problem," she did so correctly. She used the shortcut .to the
addition. algorithm which was not taught in her ‘'math group.

.

Subtraction caused S greater difficulty. She traded correctly when work-

524 ’ Y
~ 183 ) ’

but subtracted 1ncorrectly obtaining an answer of 451. She knew trading was
- necessary to work: . ' =%

, : 245 . gﬁP
P ‘ - 148

but workéd from left to right, so she did not have anything to trade.

.

_After it was suggested that she work right to left, she traded correctly
but got confused and never reached an answer.

r
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- T S worked

‘ , 436
’ - 175 L

4

. correctly w1hh A'manloulatlve aid consisting of b6aP bags and beans, but
- . needec help dec’c1ng what to trade. .. o . '

5 ”
- . v - T
.

When glven a problem to work without manxpulatlves, S revertéd
to the "take the smaller number from the larger“ strategy which she had
used on two-digit regrouping problems .before learnlng,the dlgorithm:.

[ >,

<
¢

L4 237 Y
- 176 . . ~
‘ 141. ' -

While S is a bright girl who is learning very young hoW %o please
the teacher (i.e., do what you are told, no matter what), her inability :
to rason through unfamiliar proBlems and to alter her strateglec in new :
51tuatlcns will probarly hinder her mathematical progress in the® future ° C s

ye zrs. . .. . ‘
A A ‘ ‘ - - -
: : ' -
X1Y, THE CASE OF T ) 2
v _ . BY
S o & - CYNTHIA CLARKE ’ : . A
- BIOGRAPHICAL AND TESTING INFORMATION _ : . 2
»
. ) T is a male child and was born October 4, 1968. He has two brothers,
S .+ ages 21 and 22, and two.sisters, ages 2 and 14. He lives with his mother,
’ who receives welfare, in a housing project, but also stays with his aunt

occasionally. o
. v .

T is an easy-going boy, is easily distracted, and has great diffi-
culty staylng on tasks. He appears hungry for attention and tried to
_earn it by misbehaving. His inability to finish anything p*ompted his
"second grade teacher to have lim tested for learning disabilities. The
results shgwed him to be of low ability with no learning handicaps.

T had problems with ‘drooling and being slightly ovérweight‘through-
out the first grade and the beginning of the second grade. There ‘was

improvement in both of these areas during the second grade although he .
constantly had somehhlwg in his mouth, usually paper, rubber bands, oxr
paper clips. : v

T av01ded joining groups, preferring to play on the outskirts but
was very friendly. He chcse one boy and one girl as friends for the class
so¢iogram and was chosen by two children as a friemhd. He enjoyed building
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things with blocks, playing with cars, and listening to records. He watched
a great deal of television at home and made frequent references to his
favorate shows. .

T's otis-Lennon IQ is 88. His CTBS (Comprehensive Test of Basic Skills)
test scores reflect below-average competencies. At the end of the second
grade, his readlng grade equivalept was 1.2 (3rd percentile). - He was still
reading the same book that he was readlng at the end of the first grade. His
language skills also showed little improvement with a grade equivalent of .7.
His- mathematics and total scores increased from .1l to 1.8 and .1 to I.4
respectlvely from the end of the first to the end of the second grade.

On the PMDC Grade 2 Mathematics Test, administered in the fall of the
second grade, T was able to count 3 horses and 7 cows, but mlscount;d” 3 dots
(14) and 10 animals (9). He could not rote count past 40, or count back from
44 past 40, but could cqQunt back from 6_to 1. He counted to 80 by tens;\but
could not count from 26 by tens, even with prompting. He showed no kncwldd
of place value or two-digit numeration and could not determine, or write the
number for sets of straws or chips, or construct sets of a glven numer w1th

;elther. He couXd not use beans to show even simple addition and subtraction,
but Knew 5 + 4 = 6 without beans. He knew .12 was more than 8 but chose 19

with plctures.

as more tnan 31. He ordered 2, 3, 5, 9 correctly but did not.understand the
méaning. of less than. ’

The KeyMath Diagnostic Arithmetic Test, also administered in the fall,

yielded a grade equivalent of 1.0. T showed little understanding of numera-
He_ was unable to complete simple patterns such as 0 x 0 x 0 ___ or
D EBROE B

He could do simple addition, with pictures and- symbollcally, but could subtract
only with pictures. He answgﬁed 1+ 1 (g}ven*verbally3 correctly but missed*
2 + 2 and was unable to do .rimerical reasoning problems such as 3 + 2 =[]
and 1 + [J = 2. T was able to do only oné€ word problem, even when accompanied

In the spring, the PMDC Grade 2 Mathematics Test wds adm;nlstered agaln.
T again miscounted 17 dots and 10 animals as well as 7 cows. His rote count-
ing skills improved; he could now count by tens to 130 and from 26 to 96.
He still could only count back from 44 to 40.

[

He demonstrated understanding of place walue, correctly responding to

" all the color-coded chips and straw items, counting by tens and ones. He used

beans to correctly answer simple addition and subtraction problems, but
would not use beans to solve 18 + 5, and answered incorrectly. He made 2 sets

of 23 and 7 for 23 - 7 and got an answer of 7. He shcwed understanding of less, .

pug“still chose 19 as being more than 3l.

%
b, The KeyMath test administered at grade level 2.8 yielded a grade equiva-

lent of 2.5, an increase from the £fall of 1.5. T showed considerable improve-
ment in numeration skills, orally filling in 6, 7, S 19; and 98 99, _
101l. He showed knowledge of ordinal numbers through five. He demonstrated
ability to do two-digit addition with regrouping. He could nandle basic sub:
traction facts (14 - 6), and two-digit Subtraction without regrouplng (76 - 12),

k4
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unifix cubes, Dienes blocks, grid paper, abacu

¥
but could'not do a regrouping problem (25 - 16 = 19). : T was not able to
do mental computation involving three numbers and both addition and sub-
traction if the numbers were small. -His numerical reasoning ability
gredtly improved, as evidenced by his answering three of the difficult

.\problems correctly (such as 2 - A=1, 3 - A=0). He answered four word”

problems with pictures correctly.
>

As a second grade student in the Tl.teathing experiment T was
assigned to the grouping usineg six manipulatilves: popsicle sticks,
and colored chips. At

the enactive level one could not distinguish T f¥om the brightest child

in the group. He operated efficiently and rapidly with the manipulatives.,

Plctures cavsed him some difficulty but the symbolic work was fregquently
ownfall. He was very slow, and often needed to use the objects to
wprk symbolic problems when the other children did not. Unfortunately, T
llke to be the only one using the manipulatives and felt it was a
ess to use them. This caused problems because he would abandon them
too soon. T wrote his 2's, 4's, 6's and '9's backwards at the beginning
of the vear and still frequently (though not consistently) write his 4's
and 6's backwards at the end of the year. Writing numerals was qulte a
struggle for T and slowed him down a great deal.

N
.
F

The remainder of this report will be divided into the following
four sections: place value and numeration, orderlng, addition and sub-
traction without regrouping, and.,addition and subtraction with regrouping.

PLACE VALUE AND NUMERATION:

T began the second grade with a very poor number sense. He could
not determine the number of a set of-as few as four objects without count-~
ing. He had no problem believing that you could start w1th five things,
take two away and still have five left if that was the answer he got us;ng

the menipulatives incorrectly. T was at a disadvantage when working

exercises such as:
2 longs + 3 units

+

because he was a very poor reader. Later on in the year, exercises like
those below continuéd to cause him difficulty, again due primarily to
his reading problem.

19 tens F tens, hundred . »

6 tens, 1 hundred = ____ tens

Fe—a
.y

@
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After the unit on two-digit numeration T was able to read, write, or
display with any of the six manipulatives any number less than 100. He was
also able to transfer this knowledge to a manipulative w1th which he was not
familiar: covered cups of candy His understanding of tens arid ones came

, on rather rapidly and brought thh it an improved number sefnse. ' For example,

once when asked to show 17.with stlcks e put out a‘bundle of ten and nine
single sticks. After co&ﬂtlng to 19 he realized his error and took two of
the sticks away without recounting.
- /' ’
T was able té complete exercises such as:

e 4 tens and 6 ones

/’ h '
s 0 + 6
/s .
// -

/ 4o

7 ‘ .
T could not, however, explain why he put 40 where he did. This was typical

. of his inability to verbalize his reasons behind Symbolic responses.” As

mentioned previously, T excelled with the manipulatives but found the symbolic
forms a constant struggle. N .
T caught on rapidly to number patterns, such as 2 + 5 = 7, so
20 + 50'= 70. When the transfer was from one to ten, the oral pattern was
not as obvious and caused him difficulty. He re11=d heavily on the way the
numbers sound. After the group worked the problem 30 + 60 in vertical form,
T anticipated that the answer to 30 + 6 was 90 and was surprised when he
counted and found that his guess was incorrect.

When asked to read 3 |15 T said "3 tens plus 15 equals 45." His dis-
play is shown below. When asked.to show more ones, he put back a bundle and put”’

* out 10 single sticks. % h }t. - % \

After showing 4 |2 he was asked to show it in a different way. He kept
one bundle and counted out .the rest in ones, but said there were still 42.

At the beginning of the unit on three- -digit numeration, T had dlfflculty
countlng by tens past 190 He repeatedly said 180, 190, 120. He also had
trouble observing the congecclon between 13 and 130 and insisted for a long
time that there were ll?itens in 130.

T required constant help on two worksheets to complete exercises like
the one below when one of the lines was given: 3

b

tens

hundred, tens
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On a worksheet reaulripg him to rename multiples of ten, given
plctures, T wrote:

100°, 1 hundred, O tens

. 110 1 hundred, _1 ten o
120 ngundred,ijL_tens ')
130 3 hundred, _O_ tens
140\ 4 hundred, _0 tens :

He was unable to follow the pattern, so he made up his own. Other frequent
mistakes were: . s

-t

Y

: 130. 130 )
_l.hundred, 13 tens and _1 hundred, 30 tens é
30 tens ‘ - 30 tens : §

. T did not respond when asked to .'Show 22 tens with blocks,” even
after a long was held¢ up and the question "How much is this?" was asked.
Finally he copied -the others. After the group counted to 220, the ques-
tion "How many tens in 220?" was asked. T could not remember what the
initial task was and had to recount the longs.

At the end of the year, T could read, write or display any number
less than 1000. He was able to determine and write the number of a display
and circle the digit corresponding to the circled objects in a display.

HYe could also write the number corresponding to:

N 8 tens
2 ones

. 3 hundreds

T read 2 113 | 4 correctly as 2 hundreds, 13 tens, and 4 ones, but
when showing it with blocks, he interpreted the 13 tens as one ten and
tiiree ones. Flnally with help, he was successful. When asked "Can. you
do something to maKe more ‘hundreds?"” T added a flat. After taking the
flat back, the interviewer asked "Can you trade to make more hundreds?"
‘and T traded correctly saying there were 334 altogether.

T yead 2141 5 correctly, traded to make more ones and said there
were still 245. T knew there were 15 tens in 150 (when shown the numeral)
but could not expla;n how he knew. .

' ' 117 &
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T began the year thinking greater and less meant the same thing. OCnce
he got this straightened out ne usually had no difficulty pointing to the set
which had more, less, or the greater number. Verbalizing these situation was
difficult for him. He would make statements such as "31 is greater than 25.
25 is greater than 31." The words just weren't meaningful to him. He once
said "49 is gooder than 35." '

f 2

Once when a set of 12 chips was displayed, each child was to make a set
which was greater than the given set. T showed 148 with tens and ones.
When he was asked "Is there a smaller number that is still greater than this
set?"~T said "There ain't nothing greater than this (pointing to his set).

Eventually T acquirxed the skills necessary to compare any two numbers
by looking at the displays and could make verbal "greater than" and "less
than" statements about them. However, he was clearly not ready for the sym-
bolic treatment of these concepts. The phrases "greater than" and "less than"
caused him a great deal of trcuble, and the symbols \‘and-< were even harder
for ,him. He frequently could construct the verbal statement .correctly but
could not use the symbols. .

T was not very successful at.ordering pictufe sets, primarily because
he did not have a technique for organizing his results. He would count all
the pictures and could compare any two of them, but often did not know where
to start and refused to separate the pictures hé had put in order from those
that remained. After receiving help to get started he could usually complete
the task but was extremely slow. His dlfflculty seems to be operatlonal
rather than conceptual.

When ordering a set of stick pictures for 7, 23, 34, 43, 75, 90, T put
the 7 just before 75, evidently interpreting it as 70. He had a tendency t
concentrate on the numerousness of the objects. For example, one ten and
nine units appeared to be more than 3 tens. This was helpful when ordering
decades, such as 40 - 50, but a hazard when ordering 13, 14, 20, 21, 50, 51,
52, 99. T put 20 and 21 first. He also had troublesdeciding where to put
the multiples of ten; in this case he put 50 after Sl and 52. - .

During the unit on two-digit numeration, T'was asked to show 50 with
the grid paper. He rapidly shaded in 5 rows. The when asked to show 52 he
shaded in 2 more squares and said "Two more is 52" without counting. However,
at the’'end of the unit he was asked to write the number which is one more
(less) or ten more (less) than a given number. He did not understand what he
was supposed to do and merely copied the numerals. He did, however, show 27
with 2 cups of 10 pieces of candy each and 7 single pieces, and then showed
one more,® saying there were now 28. Similarly he showed ten more by adding
a cup of ter and knew there were then 38.

<




: ’ . By the'end of the year, T could show 1, 10 or 100 more (less)
cially on "less" tasks such as 10 less than 309. T was first in the

numbexfand counting forward to backward by 1's, 10's, or 100's. At the
' beglnnlng he needed to use objects, but eventually he could do symbollc
| exercises without them, only occasionally using the abacus for exercises

N\ p o2

e ‘n««v»miﬁvolving bridging of hundreds. ‘ '

o e e '
ADDITION AND SUBTRACTION WITHOUT REGROUPING N
T understood addition at the enactive level long before he was
ready for the symbolic algorithm. He could correctly answer orally
presented problems such as 30 + 40, but needed objects when presented
with the same problem in the symbolic mode. .Even ‘when pictures were
-, given, T initially found it necessary to duplicate the picture with the
manlpulatlves.\ He could not combine the sets in his mind; but-had—te

than any given number. He had trouble, however, bridging hundreds, espe-

group to catch on to the oral.patterns involved in starting at a certaln A

do it physically. For example, when countlng the two sets below, he

id "10, 20, 30, 31, 32, 33, 20, 30, 31; 32."
sai | "\ : i 7 ﬁ?}ﬁtdgl /27 ..
| gy v

‘He even had difficulty after it was suggested:that he ccant the tens
first.’

T saw no reason for the middle step (see the probleﬁ below) in the
algorithm when regreuping was not involved. When adding symbolically he
: did not use the middle step at dll to determine the answer, but used
manipulatives or a picture if one was given. Hence he saw nothing
wrong with: :

- 12
. + 23
- ' 5

' 35

— o

B 35 . N .

After completing suci, a problem, T freguently could not answer the
question "What is 24 + 132" ) _— o

- Eventually T could add symbolically and demonstrate what he
had done with objects. Problems involving zeroes caused him some
difficulty at the symbolic level, although he gould handle them
orally. After much 2-digit plus 2-digit-addition practice T-had
difficulty with l-digit plus 2- dlglt problems. When asked to tell the

problem shown by: . C) C)

®®O® ©@eE
@@ ©@. ,
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he could not do it. The single-digit aédgnd, esﬁecially on top, was new
and unfamiliar to him. A ‘ ’

T did not connect the short form with the long formy(with middle steps
for sums of tens and ones) for quite a while and worked them as two separate
problems even though they were side by side.

Verbalizing what he had symbolically was difficult for T. His-reason
for doing something was often "I know."” T could not handle mental problems,
even two-digit plus one-digit, but usually "guessed" an answer that was w1th1n
three of the correct answer. When working addition and subtraction problems
using bags of 10 beans each and single beans, T used single beans for both
tens and ones and arrived at the correct answers. This, was unusual since T
did not usuaily interpret a riimber -as separate digits, but as the sum of tens
and ones.

T could construct addltlon problems from pictures, such as the one
below which he wrote from 'a Dienes block picture.

3[

.
ﬁf

O

.

é/

He read the problem as "30 + 1 is 30, so 20 + 3 is 23, so now add the ones
together., see, it's 4. So add the tens together, so it's 50. It's 54." He
also exhibited the ability to change a completed addition problem so that it
correctly ropresented a given picture. However when shown a stick picture
and subtractidh ‘problem, T made the changes as shown below. -

>

v
4 N W Pty Y

. At the beginning of the unit on subtractZSE‘T‘EEEIE‘ﬁS?fzgmpute 5 -1

without his fingers and even then made frequent errors. He might put up five
fingers on one hand, one finger on another, take away the one and arrive at
an answer of five. When 2-digit minus 2-digit problems were introduced start-
ing with subtracting multiples of ten such as 70 - 30, T would show a set of’
70 and a set of 30, take away the set of 30 and get an answer of 70.

T initially interpreted pictures such as: E] E] E] Ej ¢§i:::l‘“=7

as 4 - 2 = 4. Since he had not memorized any subtraction facts and had a P
poor number sense, ‘this did not seein unusual to him.

ERI!
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When the teacher showed a subtraction problem with objects, T

could write the problem and the answer. This was surprising since the
same task with addition caused him great difficulty. For a long time, 'if
T did nct have any structure, such as the place value chart, he did not
know where to put things and had difficulty liningzup the tens and ones.
For example, he often made errors of the following kind:

38
2
V 18
After some practice T was able to interpret addition and subtrac-
tion pictures and write the corrésponding problems, although the abacus
plctﬁres frequently confused him. When symbolic subtraction problems
weraxflrst presented without pictures T was lost. He would add the sub-
trahend and mlnuend together, subtract the minuend, and get the subtra-
‘hend ‘as an“answer. He needed to use objects” to work symbolic worksheets
long after }hg pictures were eliminated, but often refused to do it
because he was the only one who was using them.

o

7 Although T would sometimes forget to coinplete a problem, as in the
_ . following example: ¥ . .
45
-2
) 3

L]

A

. addition problem which required regrouplng.

he always read the numbers as whole numbers, not just digits and would
always read the complete answer after flnlshlng a problem. That is, T
would -ead-the problem as forty-five take away 2 equals . . . rather than
as five take away :2 . .

“ADDITION AND SUBTRACTION WITH REGROUPING

Before receiving instructions on regrouplng T was asked to solve an
His verformance on this task
is shown below:

277

735

5/

T read the completed problem as "27 + 35 equals fifty-twelve." He then
said "50 + 12 leaves 3," evidently adding the ore and two together. He
then solved the problem with Dienes blocks and stated that "50 + 12 = 63."
However, T changed his answer to 6l. such differences between T's per-
formances at the enactive and the symbolic levels were not uncommon.

A
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.a ten was meanlngless to him. For example, T could solve a problem as .
shown:
24
) ’ + 39

Yy e - Aé,&?’ﬁ;}‘f‘;; ] [ RN - -
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When given a subtraction problem requiring regrouplng nefbre instruc- .
tion, T responded w1th the common error: LT =
57 53 Y A =
- 24 7 S A
31 - ’ e et
Tk ,3‘
s
He tried to work the problen on the abacus but was -not success‘ul~"':>”;‘4fi}
-y - «,.
When shown thése two addition problems: o o ’.ﬁﬁ;"
- "\» - . . < )',,;: -
24 . .. 22 - . o
“
> . - + 13 + 19 e

and asked why the problem on the right was harder, T responded "Because
It has a 9 in it." Slmllarly given two subtraction problems, T did not
observeuthat the necessity for regrouping could make one of the problems
more dlfflcult.ﬁ ) 7

Lni%iallv T needed to use the manipulative aids to work addition pxo-
blems requlrlng regrouping. He would set up the problem with the manipula-
tives eéven if a picture was given, as the pictures tended to confuse him.
As ‘T: becamé fore proficient symbolically, when he was asked to write “the
problem represented by a picture he would first count everything 1n the
“plcture, then count and write the addends, then work the problem strictly o 2
symbol;cally The shading in the picture to .show regrouping of 10 ones for ’

—— TS

o

\\
o \
! {

T had no difficulty remembering to put in the middle steps in the addi- ’
tion algorithm when regrouping was necessary. When pictures were present
he would not use the middle steps to complete the answer, but would count the
pictures. However, when it came to just lritten work he had no trouble using
the .sum of the on2s and the tens to get the answer. T always added the ones
first, usually “szying out loud -as:-he -did- it "Pirst, add the ones . . . "

* when shown the problem and solution:
N 34

+ 29
513

and asked to read it, T said "it's 63." Jhen asked if the answer was OK as
s written, he said "Yes. It's 63."

122
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T took -great pride in knowing the basic. dddition and subtraction
tacts—and-was—the—£irst—in-the group to commit many of them to memory.

. ‘His errors in computation were freqnently due to his guessing a fact

LA o “which he though he "knew." ) )
N /

Mgt B2,wm 377 1, To_prepare the children for.regrouping in addition and subtrac-

H - tion practlce was given tradlng 10 ones for one ten and vice versa .-

? e with the manlpulatlve aids. T was not convinced at the beglnnlng that’

e the number of the set stayed the same after tradlng He would concentrate:

AN - on the numerousness of the objects and thus would judge the. set’ with *he

i . .most ones to have more. Avter he finally accepted the equality he still

had great difficulty verbalizing it, especially statements such as "2 ters

and 4 ones equals 1 ten and 14 ones." It took T a long time to learn

‘'what kind of trading to do for '"Make more ones." When they began, to

symbolize the trading, T initially insisted on putting.the result after

tradlng below the original tens and ones; “

= . ’

o . 4 e : .
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- - When recording the trading shown by pictures of objects before and
- -after tradlng, T did ndt.need to count the tens and- ones. in the after
trading picture because he, trusted that the total number had been preserved.

- o When given orally the first subtraction problem requlrlng regroup=-
s T 1ng, 45 - 17,2T though it was impossible, even after displaying 45 with
<. . . ~-. one of the manipulative aids. After some contemplation and problng by the

chteqpher he sald“he,though he needed to trade. His first 1nc11natlon“

. hot Y amlr
R Kﬁ “ howeVer, was to add'g ones to?the 5 ones he already had so that he would
. ., .bhave 10 ones. Although glgeqﬂggng—dlglt numberkhe'waswable~to‘trade a .
e tefr for' ten.ones Zorréctly with *any~of the manipulatives “and show it
;”ﬂ . a symbolically; having the minuend present confused him. He found the three

e step process by which' he (a) must decide whether to trade, (b) trade if
necessary, and (c) perform the subtraction, very difficult at first.
5 When, pictures or objects were present his tendency was to just write the
~.answer and not show any tradlng. Bea.did not,reaily-masterrthe symbolic -
o algorithm until the manlpulatlves were abandoned He %fequently made
this mistake when trading:

e e }/ g
j f'*‘; P . AR lﬁu AT . L. g é . =

Z%?nw“ - -and also often traded when it was not necessary. He would, however,

: . -~ JdYnore the tradlng'when actual‘y ‘wotking the problem if it had not been

Yoo necessary in the ‘first. place, and would get the corsrect answer.
;{:\&:’f*\ T v )
f?.
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o ___‘—ﬁfter-a—great~deal—of_practiceMI became proficient with the subtraction

- algorithm and..could demonstrate with almost all of the manipulatives with
which he was familiar. Once when using the grid paper to solve 54 - 37, T
shaded in the paper as shown below: : )

-

After shading in-54 and 37, he indicated the trading of a ten for ten ones by
writing 4 and 14 next to the 54. When trying to subtract the 37 mentally he
first subtracted 7 from 14 aloud, got 7, and then said the answer was 37.

When doing addition and subtraction problems mentally he would freqguent-
ly compute the ones correctly, but forget to carry or borrow the tens. Thus
he would compute ., . X . .

58

and get 73, and
o 32
T - .8

I3

and get 30. Occasionally he would revert back to the strategy he used before
instruction on regrouping. For example, T worked this problem:

; -l Y e o
v A A VN

- R LN T AL . L.

43
- 26

. 23

When asked, to read it, he said "3 take away 6 leaves 3, 4 take away 2 leaves
2, so it's 23." ’

et
.

T initiaily did not recognize a problem like the one below as a sub-
traction impasse that necessitated trading:

3

30
- 17
27




-
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He would again call on the "take the smaller number from thé larger

number" strategy.

(Without instruction) When asked to work 3<digit addition and sub-

. tractlo

.- to tran&fer his knowledge..of _2-digit algorithms to these new situations.
” When attempting to work I

——

345~
+ 173
v‘he showed both addends correctly on the abacus and combined them. He
did not trade, however, and could not give an answer. He said "That's

problems which required regrouping, T exhibited little ability

4 (pointing to the
He eventually gave

ten beads), that's 8 (pointing to the ones beads)."”

] an answer of 51 which he computed mentally (and aloud)
Ly adding 34 + 17. ‘ '

»
’

His response to another 3-digi} addition probiem is given below:

426 ..
- . + 182

- 570e

After completing the problem he said "So it's 518." When asked how he-
got that he said "5 hundreds, 10 and 8 tens, so it' s~518. +

T could not even read 3-digit subtraction problems correctly, but.
instead treated them as three separate problems. -He read

524

P - - s . . e
R

- 183

as "5 take away .1 leaves 5, 2 take away 8 leaves 4, 4 take away 3 leaves
1, so it's 541." He tried to work it with the cubes. He put out 5 ten -

rods and took one away, but could not gét an answer. 4 ~

o
~

- T performed better on 3-digit subtraction without the manlpulatlve%
His .response to such a purely symbolic situation is given helow: ,

T A .
. / Z?/
- l7i/»
Altliough he computed the hundreds incorrectly, probably 1gnoring

the trading, T's response to this situaticn reflects some transfex ablllty
It is interesting to noteythat he did not show trading symbollcally on
any 3-digit problem where. use, of the manipulatives was required. Recall
that he did not master the 2~-digit symbolic algorithm until he abandoned
the manipulatives. e

oA TE
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: T's mathemat;cs performance in the second grade far exceeded any

: expectations held by his classrdbom teacher. The increase in individual

- attention helped to keep him on task and forced him to complete work that
nornally he might have let slide. When working, I is diligent and -
thorough, although terribly slow. T has a firm background in plabe value
and the addition and subtraction algorlthms with numbers less than' 100.
He has indicated potential of understanding_the algorithms as applied to

; 1arger numbers with .a small amount of instruction. Unfortunately, returned

B2 to a class of 30 children, T's slowi pace will be a great hindrance to his

' mathematlcal progress.

-

XV. THE CASE OF V
- . ' BY

CYNTHIA CLARKE

BIOGRAPHICAL AND /TESTING INFORMATION

V is a female child born December 12, 1967. She lives with her mother,
who is on welfark, four older brothers, aged nine to twenty-four years, a
51ster who is 23, and a number of other relatives. V was born prematurely, a
fact which is often used by her mother to explain any learnlng difficulties
Vv exhibits. The youngest of six children, V was babied at home although sKe,
developed a phypsical toughness about her in order to deal with four older
brothers. She fhad problems with fighting early in her school career. V's
pérsonal hygiere was very poor and she was referred to the school nurse who
visiﬁed her seteral times. ) ' '

V was-refained an extra year in the first grade. During that year,
5 héwever,.V was| one of a few first graders placed in a second grade class due
. to space limitfations. Thus the year of this study was actually V's second
year in a secqgnd grade class. V was conscientious about doing her work. She
indicated that she watched a great deal of televisigon and also showed signs
of religious influence.

o

) . V's test scores .reflect below average competencies. Her Otis~Lennon
& IQ is 75. Her teacher considered V to bé a low achiever in readlng° The CTBS
(Comprehensive Test of Basic Skills) battery, administered in the spring of
the second grade, yielded a grade equlvalent of 1.5 for reading, increased
from .6 at the end of grade one. Her math grade equivalent showed the great-
est increase, from .6 to 2.2, pldcing V in the 30th percentile. Her language
and total scale grade equivalents were 1.8. and 1.7, respectively.

The KeyMath Diagnostic Arithmetic Test, administered at grade level 2.0,
yieldea a grade equivalent of 1.6. V scored below grade level on numeration
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skills. She was unable to complete the simple pattern:

S 0 B o 5 -

or' to fill in the blanks 6, 7, % 9 , 12; or 98, 99, .
lOl. She was able to perform simple addition (sums <€ 10). #ith pictures -
" and” symbolically. She could do only the simplest subtraction (subtra-
hend < 5) with pictures and’ symbolically. V could handle 1 + 1 and

2 + 2 mentally but could not mentally solve any problems irnvolving, more
than two numbers. She was successful when performing horizontal addition
(2 +1 =‘[] ¢ 3+ 2= [] ), but could not do the missing addend problems
or the difficult numerical reasoning probles.' She responded correctly
to simple worﬁlproblems-ﬁith pictures.

1)

The PMDC Grade Two Mathematics Test admlnlstered in the fall of the
second grade showed V. able to count picture sets of up to 13 numbers. She
required prompting on allkbut one rote counting item, counting by tens.

V exhibited no knowledge of 2-digit numerals and could not count forward
from 35 or back from 44. She could only count to 30 by tens- and could
“not count by ‘tens scartlngJat 26. She .showed no knowledge of place value
and could not determine or w. te the number of .sets of straws or color-
coded chips, or construct sets of a given number. She was able to use
counters, to solve simple addition and subtraction problems but could

not handle sums greater than ten. V knew 12 was more than 8, but chose
19 as more than 31 and did not understand the meaning of "less.". When
asked to order cards with 5, 3, 9, and 2 on them from smallest.to largest,
she put them down like this: '

N Nies

S3 "
2 6

The‘spring administration of the KeyMath Test (at grade level 2.8)
yielded a grade equivalent of 2.2. V's numeration skills improved, with

‘a score above third grade level. She now could perform two-digit addi-

tion with regrouping with sums less than 100. Her responses to both two-
digit subtraction problems, with and without regrouping, were incorrect,
but in each case she was one off the correct amswer 1ndlcat1ng a probable
fact error resulting from an incorrect counting on strategy. V was able
to do simple missing addend problems in horizontal form.

The spring administration.of the PMDC.Grade Two Mathematics Test
indicated a great improvement in V's countlng skills. She required '
prompting on only one rote counting item; counting by tens from 26,

. which she still could not do. She counted from 6 to 15 , 35 to 46, back

fro.. 6 to 1 (skipping 4) and +to 100 by ters. She couldfonly count back
to 40 from 44. She demonstrated understanding of placéivalue by
answering all the straw and color-coded chip items correctly, counting
by tens and ones in each case. V used beans to. correctly solve‘simple
addition and subtraction problems (sumg < 10), and counced on with beans
to solve 18 + 5. She used beans to show 23 - 7, but miscounted the
remaining set. She.correctly answered all of the more, less, and
ordering problems.

14
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As a sthadnt in the T1 teaching experiment, V was assigned to the 2M

qroup, using six manipulative aids:

blocks, grid paper, abacus, and colored chips.

scores,'V was the lowest ability child of the six in the group.
der of this report will be divided into four sections:

addition and subtraction®with regrouping.

PLACE VALUE AND NUMERATION

popsicle sticks, Unifix cubes, Dienes

According to her test

The remain-

place -value and
numeration, ordering, addition and subtraction without regrouping’, and

V could not perform any of the place value tasks 6n the PMDC Grade

Two Mathematics Test at the beginning of the second grade.

She knew nothing’

about numbers greater than 20 and could not read gt all, thus she had diffi-
culty when she encountered exercises such as: g

~ 2 longs + 3 units "~

+

-

V had very little difficulty with two-digit numeration at the enactive
and iconic levels, but proficiency at the symbolic level was very slow ¢
coming. She could write the multiples of ten when they were read orally,
but fregquently could not read a number which she had written.

1

'8

9

ten

tens
tens
tens
%ens
tens
tens
tens

tens

/

6

SRRREBEKBE]

-

She seemed to

understand the multiples of ten when relating to the manipulative aids, yet
she completed a worksheet on this topic like this:

.

When learning the numbers 20 through 30, V was slow to understand tens
and ones. She would put out one long to show 26 and then count out units
until she reached 26. She put out two red chips and ten white chips to show
After trading ten
white chips for a red chip, she said there were three tens in 30, appaient%x

30, responding that there are two tens in 30 when asked.

seeing no cohtradiction with her previous statement.

128 ¢
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v It took V a long time to connect 30 and 3, 40 and 4, and so on, even

at the verbal level. She would put out 6 bundles to show 42. After

counting to 60 and realizing_;hat'was not correct, she would add more

bunéles, hoping eventug}ly'to reach "forty." PR R e :

v frgqnenfiy reversed digits when writing numerals in the range
13 - 19. V understood and could display two-digit numbers with manipula-
- _ﬁivéé long before she could read or write them. -‘In fact, if shown a
- " numeral, she could display it correctly with a manipulative, then would
* count the objects to determine what the number was. During a taped
ol interview she read both 35 and 53 as 25. The conversation which followed
is'given below: - }

- ¢

Q: Why is this 25 (pointing to 53)?’
V: Becapse a 5 and a 3. i
Q: What does the 5 mean?
o V: 5 tens. . ‘
}J "-Q: what does the 3 mean?

V: 3 ones.
. It was obvious that V understood a great deal more than her ability
to deal with the symbolization reflected. As part of the same interview
V was shown the numeral 24 and told "I am thinking of 24 as 20 plus 4.
Can you think of 24 in some other way?" V responded "2 plus 4." She
completed an exercise dealing with the same concept as follows:

4 tens and 6 ones
4 and 6
46
V read 46 as 26. .
While eventually V was able to display any number less than 100

with any of the six manipulative aids, she could not show 2Y with cups
of ten candies each and single pieces of candy.

V had considerable difficulty recalling what came after 1320 whén
counting by tens. Questions such as "How many tens are in 170?" con-
fused her. she made frequent errors on her worksheet. For example:

-

. . [0
’_Zl_hundred,lﬁzfﬁ{tens
y ‘ _ﬂ tens -
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/ nundred, éQ?tens

' _ﬂtens

' . .

V did not transfer her knowledge of writing two-digit numerals to
.writing numbers greater than 100. She had difficulty writing numbers in
sequence especially where bridging of tens was involved.. She repeatedly

wrote 108, 1Qg;h}010.

.._-—After counting by tens to 1000 as a group and discussing the hundreds,

tens and ones in multiples of 100, V could not show 300 with bundles of

sticks. She put out 13 bundles counted to 130, but was unable to correct

_herself. Even when she put 100 (10 bundles) in a pile in’ response to a hint, -
she still could not complete the task. She never understood the connection

between 220 and 22, hence after displaying 22 tens with blocks she would

have to count by tens to find out how many altogether. Similarly, if then

asked how many tens in 220 she would recount the longs.

When evaluated on her knowledge of three-digit numbers;-V could not

_ write or circle the correct number of objects shown if there were only
hundreds and cnes present. An example of a typical response is shown below:

She had no trouble circling the objects represented by a particular
digit. ‘She could also construct a 3-digit numeral from a chq;t giving the :
number of hundreds, tens, and ones, in random order.

ORDERING \

¥V entered the second grade with very little knowledge about more, less, AN
or the ordering of the natural numbers. Aas her understanding of two-digit
numeration increased she became quite proficient at ordering pictures. She
quickly adopted the strategy of comparing the tens first when ordering sets
of pictures such as those representing 7, 22, 34, 43, 75, 90. She made
occasional errors, such as putting the 7 just before 75 obviously interpreting
it as 70. She also would sometimes concentrate on numerousness as when she
ordered this set: 20, 21, 13, 14, 50, 51, 52, 99. However, when it
appeared to her that only one decade was involved she would count two or
three of the pictures completely then begin looking only at the ones for the .
purpose of ordering them. In contrast to the otfér children, V performed
better when the manipulative dids shown in the pictures were varied forcing
her to count instead of making impulsive judgments from the patterns alone.

.
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.V acquired the concepts.more and less rapidly although the symbols
> and < never became meaningful to her. Given two numbers less than .
100 V could make correct verbal "more than" and "less than" statements
about them, but constructing a sentence using one of the symbols resulted
in what appeared to be guesswork. Once when comparing the numbers 69 and
96, she put the cards with the numerals on them on the board in -front
of her and said "These are the same, see? "Nine and nine, six and six

(pointing at the réspective digits). When she was asked to read the

numbers, however, she realized that 96 was larger. When comparing 56 and
52, V said 56 is more "because 6 is more than 2." She also.said 27 was
less than 41 but gave as her reason "because 7 is less than."

V was slow to understand one more .(less) and ten more (less) but
eventually could show them with any of the six manipulatives and Vverbally .
give the.result of adding (taking away) one or ten more (less) to a given
number. She could rarely give the verbal response without objects
present, especially one or ten 2ess. When confronted with an unfamiliar
manipulative (cups of candy) V was unable to show one more or ten more.
However when one more and ten more were added, she was able to give the
resulting new numbers. ) '

When dealing with numbers greater than 100, V again needed objects
present to start at a given number and count by ones, tens, or hundreds, '
especially when bridging of tens or hundreds was required. At the end of
the year V was shown 2 three-digit numeral and told to "Write the number
which is one more than this number." Similarly she was asked to write one
less, ten more(less), and one hundred more (less) than given numbers. V
obviously did not understand what she was being asked to do and simply
copied the hurndreds or tens digit in the blank. Later she was instructed
to put out objects corresponding to the numeral in the first item and
+hen to show ten more and write how many. V did this correctly and was
then able to'respond correctly to the other five items without using
manipulatives. It was necessary that she visualize the concrete inter-
pretation of the task pefore she could perform it in the abstract.

ADDITION AND SUBTRACTION WITHOUT REGROUPING

V was slow to observe the "2 + 5= 7, so 20 + 50 = 70" pattern at
the oral level, but observed that

30
+ 40
70
was just like

+
s W

and questioned why the zeros had to be there.
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When matching pictures with addition problems, V would add the ones in
the problem, find a picture with the correct number of ones altogether, and
then worxry about the tens.

'V 4id not connect the verbal drill on the three equal expressions:

43 = 4 tens + _3 ones = 40 + _3 , with the written exercise even
though shg was able to nake the oral statements.

N 583

V had difficulty determining the addends of a problem rcpresented by

a pictured display. When she could figure them out, she still had trouble
deciding where to put them unless the structure + was given ta indicate
when to write. After. completing a problem, V could rarely say what problem
it was that she had just worked or answered, —or example, "So, what is

23+ 14?" after having worked it symbolically.

’

After being introduced to the short form, V frequently refused to put
in the middle step when regrouping was not necessary. She preferred:

23 to + 23
+ 14 14

37

~7

37
She would sometimes put the middle step in, but would not use it to find the
answer.

. V needed pictures'or manipulatives in order to perform at the symbolic
level for a long time, much longer than the other children. She was very
inconsistent with symbolic addition. After working three or four problems
correctly she might add one of the tens digits in with the ones, or add all
the digits together. Once when adding:

1 .
+ 38 ’

she answered 11, adding the 3 and 8 together. She also insisted on one
occasion that the two fives in :

+55

were both ones. The one-digit addend on top consistently confused her.
Prcblems with zeroes caused her difficulty. She could answer problems
such as 60 + 20 orally but the zeroes seemed to confuse her when wecrking the
same problem symbolically.
In February after the unit on two-digit addition and subtraction with-

out regrouping, V gave the following responses:
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Read the problem for me.

20 + 5+ 3 is 23.

How did you get the answex?

I had 20 4nd 5 and 3.

-
~

How did you get your answer?

3 and 4:more is 50, and zero ones.

Read .the problem for me.

40 and 2 and 7 is 90.

. » . . - .
These responses were inconsistent with her classwork which was
. »
usually correct except for an occasional fact error.

V could not do 24 + 32 mentally, but counted on to correctly solve
23 + 5 mentally. V was successful when solving addition problems with -
any of the six manipulatives, but when using beans, some in bags of 10,
V used single beans to represent both tens and ones. She did, however,
arrive at the correct answer.

When asked to compare a picture showing 25 + 2 with the problem

25
+ 2
45 .
V said the problem goes with the picture. She merely compared the addends
but did not take the whole problem into consideration. Such oversights
were common when V was asked to reflect on something already cumpleted.

When presented with the very first subtraction problem verbally,
7 - 3, V made a set of 7 and a set of 3, took away the set of 3 and got
an answer of 7. Her number sense was very poor at the beginning, so that
interpreting ‘ e

|m_J i \%; as 6 - 2= 6

did not cause any confliczts with her previous knowledge.




When working symbolic subtraction problems involving only multiples of
ten, such as 40 - 10, V would show 4 - 1 on her fingers, saying as she did
it "40 take away 10 is 30." . '

As with addition, V was lost without some Structure, at'iéast -
and had trouble lining things up. This difficulty caused errors such as
the following:

38

- 2
18

' * When a worksheet required her to look at a symbolic problem and draw
rings\bn the pictured display around the objgcts to be taken away, V would
do the ones first, write the difference, then do the same for the tens.

when asked to solve: 45
’ - 12

with cups of candy and single pieces of candy, V computed the answer first
then put out three cups of 10 candies each, then three more cups of ten

each and said "33." She could, however, perform two-digit subtraction without
regrouping with any of -the six familiar manipulatives.

ADDITION AND SUBTRACTTON WITH REGROUPING
: When presented with an addition problem requiring regrouping before
receiving instruction on the regrouping algorithm, V made the common error:

.

27
+ 35
= & . .
I . T SORNU b } -2 ' e ._.__«i
'\_—_"—'—‘”— .
Sne could not read the whole problem but read the answer as "fifty-twelve."
When asked how she got her answer, she responded "I added 20 and 30 and got
50, and I added 7 and 5 and got 12." When she worked the problem with Dienes
blocks, she counted the fivg/;ongs, *10, 20, 30, 40, 50," and then the 12
‘pnits'"Sl, 52, . . ., 58, 59, 60, 70, 80."

while V was able to trade to make fewer ones with any of the six
manipulatives, she did not use this technique when solving regrouping problems,
but simply counted all the cnes until she reached an answer. She showed

25

with sticks but could not give an answer. Instead of counting all the tens
first, she counted on from 25 incorrectly as foilows: "2%, 35, 30, 35, %5,
75, 85, 95, 96, 97, 98, 99" and stopped.
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V needed objects or pictures for a long time before she felt
comfortable performing addition with regrouping symbolically. After
she mastered the algorithm she only used the pictures to detexrmine the
addends. The shaded loop of ten showing régrouping was meaningless to
her. T

= . g : o
N

e

V would put in the middle step on addition problems only when
necessary, frequently working two consecutive problems on a worksheet
differently if one reguired regrouping and ‘one did not, as shown below:
34
< 28 31
R 25
50 56
A}

After dealing with two-digit plus two-digit addition, V found
problems with one-digit addends confusing. She worked

p 46
. ! + 7
with beans by using single beans for each digit instead of using bags
of 10 beans for the tens. Thus she arrxived at an answer of 17.

. While proficient with the addition algorithm, when given a single
. problem during an evaluation interview she would occasionally forget. A
description of one such instance follows:
34 Q: Read the problew for me.

5/3 V: It's 54. o

why should the answer be 54?

0

V: Because you add the one and three
together. ’

When given a subtraction problem requiring regrouping before -
instruction on the algorithm, V responded as follows:

53
- 24
30.

She showed this with cubes and just ignored the subtraction impasse.

. V was not convinced at first that trading ten ones for one ten or

' yice versa did not change the total number. Even after she began
believing this she still had difficulty verbalizing the inequality,
such as 2 tens and 3 ones equals 1 tens and 13 ones. When told to
"?rade to make ones" she was often confused, not knowing whether to
trade one ten for ten ones or vice versa.

~
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When she began symbollznng the trading she was doing with objects, v
did not want to cross out to show the trading because it looked "messy.
She actually made very few.subtractlon errqrs due to looking at the original
digits and eventually conceded to the crosélng out technique. .

\.-(w \ ) . J }

On the worksheet of pictures show1ng alsplays before and after trading,
V recounted everything after trading, still not trusting that the total num-
ber had been preserved. Although.V could eventually trade one tén for ten
ones correctly, and show thlsesymbollcally,\she found it difficult to use
this skill when it actually was necessary 1n subtraction problems. when pic-
tures were present she usually rzfused to shbw trading.

- 3

When writing. a problem for pictures, V oompletely ignored the middle
trading picture and used the other two to set up the problem and get the
answer. Eventuallv she used the algorithm to obtain the answer, 1gnor1ng
both the second and third pictures. 3

When worked addition and subtraction probl?ms on the same worksheet,
V sometimes got confused and developed a third "combination algorithm."

7
3

_%0
53
V was unable to show how to solve the above problem with Dienes blocks.

After mastering the subtraction algorithm, V was still rather incon-
sistent. She would occasionally revert to the "take h: smallest from the
largest" technique, as she did in the problem below: -

43
- 26
23
When asked to read the problem she said "3 take away 6 leaves 3; 4 take away
2 leaves 2."
When presented with 3-digit addition and subtraction problems without

instruction, V interpreted each one as three separate problems. For example,
she read:

345
+ 173
as "3 and 1 is 4; 4 and 7 is." The interviewer stcypéd her saying "Just
read the problem." She continued "3 and 1, 4 and 7, 5.and 3." This
behavior wes consistent throughout all the problems, ad&ition and subtraction
alike. ) '
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V was unable to transfer her knowledge of the two-digit regrouping

algorithms to uhree—dlglt satuatlons. She added
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with chipé, ignored the hundreds, and counted to 133 without trading.'

-

Wﬁen working

Y

N

245
; - 148
she said "2 take away 1 is 1" (putting out one white chip) then
"5 take away 8 is 3." When asked what the answer is, V said "3."

V seemed to have a fair understanding of tens and ones and the
two-digit algorithms. She needed more work at the enactive level to
better prepare her for the symbolic. Perhaps this would have aided in
her transfer to three-digit situations.

.

.
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